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ADDITIVE CHOW GROUPS WITH HIGHER MODULUS 

AND 

THE GENERALIZED DE RHAM-WITT COMPLEX 

KAY RULLING 


Abstract. Bloch and Esnault defined additive higher Chow groups with mod¬ 
ulus (m -I- 1) on the level of zero cycles over a field k, denoted by TH"(fc, n;m), 
n,m > 1. They prove TH"(fc,n; 1) = In this paper we generalize their 

result and obtain an isomorphism 

where is the generalized de Rham-Witt complex of Hesselholt-Madsen, 

generalizing the p-typical de Rham-Witt complex of Bloch-Deligne-Illusie. 

Before we can prove this theorem we have to generalize some classical results 
to the de Rham-Witt complex. We give a construction of the generalized de 
Rham-Witt complex for Z(p)-algebras analogous to the construction in the p- 
typical case. We construct a trace Tr : for finite field extensions 

L D k and if K is the function field of a smooth projective curve C over k and 
P G C is a point we define a residue map Resp : W-Q.^ W- (k), which satisfies 
R-esp(a;) = 0, for all uj G 


Contents 


0. Introduction] 


I 

1. Witt^^ctora 


6 

2. The eeneralized de 

Iham-Witt Complex] 

14 

3. A Residue Theorem 


27 

4. Additive cubical Chow erouos with hieher modulud 

49 

Annendix A. Intersection Theorv for Cartier Divisors 

70 

References! 


73 


0. Introduction 

Let X be an equidimensional scheme of finite type over a field k and write = 
Speck[to, ... ,tn]/iJ27=o^'i- ~ ^)- |B186j Bloch introduced higher Chow groups 

CHI’(A, n), generalizing the Chow groups of A (i.e. CHi’(A, 0) = CHi’(A)). Roughly 
speaking, these are dehned by considering the quotient of p-codimensional cycles in 
A X An in suitable good position modulo the boundary of p-codimensional cycles 
in A X A„_|_i, where the boundary is given by intersecting with the faces (t* = 0) 
and then take the alternating sum. This construction is usually referred to as the 
simplicial definition of the higher Chow groups. There is also a cubical one, which 
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mainly differs by taking (P^ instead of (see |To92j ) and one can show that 

these two definitions of Bloch’s higher Chow groups coincide. One of the rare cases, 
where the higher Chow groups can be computed, which means to give a presentation 
in terms of generators and relations, is the case X = Speck and p = n, i.e. formal 
sums of points in (resp. (P^ \{0,1, oo})*^) modulo the boundary of formal sums of 
curves in good position in A„_|_i (resp. (P^ In this case Nesterenko-Suslin 

and Totaro proved (see [NeSu89j . |To92j i 

CH”(fe,n)-Kf(A:), 

where K^{k) are the degree n elements in the Milnor ring of k. 

We observe that one could replace A„ in the definition of the higher Chow groups 
by Speck[to,... ~ ^ [BlEsO.Saj Bloch and Esnault 

investigated the degenerated case A = 0. They obtain a theory of additive higher 
Chow groups, SH^(A, n), and prove in particular 

SH”(fe,n) ^ 

using a presentation of as a quotient of the anti commutative graded ring 

k <8)z A* modulo the graded ideal generated bya(8)a + (l — a)(8)(l — o). 

In |BlEsn3bl Section 6.] Bloch and Esnault construct a cubical version of the 
additive higher Chow groups (so far only for fields and on the level of zero cycles). 
Since these groups are our main object of study, we give a more precise definition. 
Denote by Zd{X) the group of d-dimensional cycles on X and write 

Xn = Gm x (P^ \ {!})"') with coordinates {x, yi,..., yn)- 

Define Zi(X„;l) to be the subgroup of Zi(A„), which is freely generated by 1- 
dimensional subvarieties C C X^, C (jL UAd* ~ 0, oo) satisfying the following prop¬ 
erties 

(a) {Good position) {yi = j).[C] G Zo(X„_i \ (JAd* = OjOo)); for i = 1,...,re, 
j = 0,oo. 

(b) {Modulus 2 condition) If re : C —> P^ x (P^) is the normalization of the 
compactification of C, then 

n 

(1) 2[u*{x = 0)] < Y,[u*{yi = 1)] in Zo(C). 

There is a map d = “ d°°) : Zi(X„;l) ^ Zo(A„_i \ W_i) and 

Bloch and Esnault define 

THAAn) = THAAn;l) = 

OLi[Xn] ij 

They show by similar methods as before, assuming 1/6 G k, 

THAAn;l) = D--^l 

Now the natural question is, what happens, if we replace the modulus 2 condition 
in (b), by a modulus (rre -|- 1) condition, i.e. replace the 2 in (P) by (rre -|- 1) and 
TH”(A:,re; 1) by TH"(A:, re; rre)? The answer to this question, which is given in this 
thesis, is motivated by the following considerations. Denote by Pic(AA (rre -|- 1){0}) 
the equivalence classes of divisors in A^, supported on Gm- Two divisors D, D' being 
equivalent iff D — D' = div(///i), for some f,h^ l + tk[t] with f — h ^ t'^~^^k[t], this 
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is f /h = 1 mod (m + 1){0} in the language of |Se88l Chapter III, §1], Now given 
such functions / and h we can define a curve C C Gm x \ {1} by the equation 
h{x)y — f{x) = 0 and one easily checks that this curve satisfies the modulus (m +1)- 
condition. Thus we obtain a well defined and surjective map 

(2) Pic(AS(m + l){0}) — 

Now it is quiet reasonable to believe this map to be an isomorphism (at least for 
m = 1, both sides equal k, by the above). But we may identify Pic(A^, (m + 1){0}) 

with the group ^ ™ turn may be identified with the ring of 

generalized Witt vectors of length m over k, Wm(fc), (see |B178j l. Hence we hope to 
obtain an isomorphism 

TR\k,l;m)^Wm{k). 

If this is true, then the groups TH”(A:, n; m) should in general give something, which 
generalizes the absolute Kahler differentials on the one hand and the big Witt rings 
of finite length on the other. The natural suspect for this is the generalized de 
Rham-Witt complex of Hesselholt-Madsen, which generalizes the p-typical 

de Rham-Witt complex of Bloch-Deligne-Illusie. And indeed the main theorem of 
this thesis is 

Theorem. Let k be a field of characteristic 2. Then we have for all n,m > 1 an 
isomorphism 

The first part of the proof, namely to define the map from the additive Chow 
groups to the de Rham-Witt complex, is analogous to the proof of the case m = 1 
by Bloch and Esnault. To verify that the map TH"(A:, n;m) —> is well 

defined, we use a reciprocity law (as it was done in |NeSu89j . |To92j . |BlEsn3a] and 
[BlEsO.Sb] !. Here it is a ” sum-of-residues-equal-zero” theorem, which we prove in 
section 3, generalizing the well known residue formula for differentials on smooth 
projective curves. To obtain the inverse map we use the universality of the de 
Rham-Witt complex, i.e. we equip the additive Chow groups with a structure of 
such a complex and then the universality of the de Rham-Witt complex yields a 
map —> TH”(A:, n;m), which is inverse to the map we constructed first. 

Now we want to give a more detailed description of the structure of this thesis. 
In section I we recall the definition and the main properties of the (big) Witt 
vectors over a ring for arbitrary truncation sets 5* C N, following |Re66j . (Recall, 
S' C N is a truncation set iff for each n G S all the divisors of n are contained in S.) 
We give an alternative description via formal power series (see unHi) and construct 
a trace Tr^/g : WsiB) —> W 5 (A) for A-algebras B, with B a free A-module of 
finite rank, via the norm on the formal power series (following hints by Bloch and 
Faltings). 

In section 2 we give the definition of a generalized Witt complex over a ring 
A (following Hesselholt-Madsen) as a contravariant functor from the category of 
differential graded algebras, equipped with Frobenius maps F„ and Verschiebung 
maps Yn (n G N) satisfying certain relations. The de Rham-Witt complex over A 
is by definition the initial object in the category of Witt complexes over A. Using 
category theory Hesselholt-Madsen showed in IHeMaOl] that an initial object always 
exists. We give a more concrete construction for A a Z(p)-algebra, p ^ 2 a prime. 
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Following a method of Illusie (see |I179j or |HeMan4| l we first construct a de Rham- 
Witt complex without Frobenius as a quotient of the absolute Kahler differentials 
over the Witt vectors and then we use the results from the p-typical case i [HeMaO^ 1 
to obtain Frobenius maps. In the rest of the section we give some standard properties 
of the de Rham-Witt complex, which easily follow from the corresponding results in 
the p-typical situation. 

The first aim of section 3 is to define a trace Tr^^/fc : —*■ for arbitrary 

finite field extensions L ^ k and finite truncation sets S, which generalizes the 
trace on the Kahler differentials (see |Ku64j . [Ku86j i. This is done by defining it 
separately for separable field extensions and purely inseparable ones of degree p and 
a combination of these two cases in general. If L D A; is separable, then we can write 
WsIIJ = '^s{L) ®Ws(fc) and the trace is defined as Tr0id, with Tr being the 

trace constructed in section 1. If L D A: is purely inseparable of degree p, the trace of 
a Witt differential oj G is defined by the following procedure: first lift oj to the 

level SUpS, then multiply the lift Co with p, then there is an element a in WsupS^k’ 
which maps to paj and then the trace is defined by Tr(a;) = Afterwards we 
define, for a point P on a smooth projective curve C, a residue symbol for Witt 
1-forms over the function field of C, generalizing the residue symbol on the Kahler 
differentials (and also the one defined by Witt in |Wi36j . see also |AnB oOd] 1. We 
prove the ” sum-of-residues-equal-zero” theorem, using the classical method (use a 
trace formula to reduce the proof to and then calculate explicitly). Finally we 
generalize the definition of the residue symbol and the residue theorem to higher 
Witt forms. 

In section 4 we finally arrive at our object of study, namely the additive cubical 
Chow groups. We give the definition, as it was done above and show that we have 
a well defined map 

0 : TH^(k,n;m) [P] ^ 


with 


V’n-l = 


1 d[yi] d[yn-i] 


€ Wmfl 


n—1 


X 


[yi] ■■■ [yn-i] 

We prove that the map is well defined by generalizing the arguments in jBlEsDSbj : 
We first show that, if C satisfies the modulus condition, then ipniC) has no poles in 
{x = 0) (where C is the normalization of the compactification of C). It follows that 


^Resp(V’„(C)) = 0(9[C]). 

p 


Hence 6 is well defined by the residue theorem of section 3. 

Afterwards we equip the additive Chow groups with the structure of a (restricted) 
Witt complex, where the multiplication is induced by taking exterior products of 
cycles and then pushing forward via the multiplication map on Gm- The differential 
comes from pushing forward with the diagonal embedding G^ —>■ Gm x Gm and 
the Frobenius F^ (resp. the Verschiebung V^) is induced by pushing forward (resp. 
pulling back) via the map Gm —^ Gm, x ^ x'^. We use the results of Nesterenko- 
Suslin and Totaro to show that these maps satisfy the relations, which should be 
satisfied in a Witt complex and then the universality of the de Rham-Witt complex 
gives a map, inverse to 6. This finishes the proof. 
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In the appendix, finally, we list some results from |Fu84j . concerning push-forward 
and pull-back of cycles as well as intersecting cycles with Cartier divisors. 
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1. Witt Vectors 

In this section we will summarize the definition and properties of the Witt vec¬ 
tors. See |Wi36j for the original paper, |Be66j for a detailed treatment, |Rl7^ for 
the description via power series and [HeMaDll for the language we are using. 

Rings are always assumed to be commutative and unital. The natural numbers 
do not contain 0, i.e. N = {1, 2, 3,...}. 

A subset of the natural numbers S' C N is called a truncation set if for any num¬ 
ber n £ S all its divisors are in S too. Examples of truncation sets are N itself, 
{1,2..., m}, for any m £ N, T* = {l,p,p^,...}, for a prime p, and 

< n >= {d\d divides n}. 

If S is a truncation set and n £ N we get a truncation set 

S/n = {d£ Nind £ S} C S. 

We have {S/n)/m = S/{nm). Notice, that S/n is not empty iff n £ S. We denote 
by J the category of truncation sets with inclusions as morphisms. It is a filtered 
category. For S € J we write Js for the restricted category whose objects are subsets 
of S. 

1.1. Definition of the Witt ring. Let A be a ring and S £ J a truncation set. 
The (big) Witt ring is by definition the ring W 5 (A) whose elements are of the 
form {ws)ses, for Ws £ A, and whose ring structure is uniquely determined by the 
condition that the ghost map 

gh : Ws{A) —> A^, gh^iw) = ^ dw//"^ 

d\s 

is a natural transformation of functors of rings. (The proof of the existence of such a 
ring structure reduces to A = Z[xi, X 2 ,...] and follows then from the lemma below.) 
An element of Ws{A) is called a Witt vector. We write 

W(A) := Wn(A), W™(A) = W|i,.,„^}(A) 

and if a prime p is fixed 

W(A) := W„(A) := W|i,p,...,p.-i}(A), 

which we call the p-typical Witt ring and the p-typical Witt ring of length n, respec¬ 
tively. 

The following lemma is taken from lecture notes from Michael Hopkins (written 
by Matthew Ando); knowing the formulation, the proof is an easy exercise. 

1.2. Lemma. Write A = Z[xi, X 2 ,...] and, for any prime p, let (pp : A —> A be the 
map defined by Pp{Y) ajx^) = Y) ajxP^. Let S be a truncation set and c = (cs)sgs £ 
A'^. Then c is in the image of the ghost map if and only if for all s E S and all 
primes p, 

Cs = Ppics/p) mod p^As)a. 

It is time for a first list of Properties, which follow immediately from the definition. 
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1.3. Properties. Let A be a ring and S & J. 

(i) li Lp ■. A — > 5 is a homomorphism of rings, then 

W5(^) -> {Ws)s(iS ^ {V>{Ws))s(iS 

is a homomorphism of rings, which will be also denoted by ip. If (p is 
surjective (respectively injective) on the rings, then the same holds on the 
level of Witt vectors. 

(ii) W|i}(A)=A 

(iii) If A has no Z-torsion, then the ghost map gh : W 5 (A) —> A^ is injective, 
for all truncation sets S. 

(iv) If A is a Q-algebra, then the ghost map is an isomorphism, for all truncation 
sets S. 

(v) If T C S' are truncation sets, then there is a natural restriction map 

Rj’ : WsiA) — >V¥t{A), {ws)s£S iws)s£T- 
It is a surjective homomorphism of rings. If rc € W 5 (j 4 ), we also write 

1.4. Maps: Frobenius, Verschiebung, Teichmiiller. Let A be a ring and S' G J. 

For each n G N there is a natural map 

F„ : Ws{A) Ws/n{A) 
which is indirectly defined by 


gh,{Fn{w)) = gh^„(w). 

The existence follows from lemma o We call F„ the (n-th) Frobenius. 
The (n-th) Verschiebung 


Yn : Ws/n{A) Ws{A) 


is given by 


{Yniw))s = 


_ I Ws/n 


if n|s 
else 


And finally, the Teichmiiller map 


[-] = [-]s : A ^ Ws{A) 


is defined by 


[a] = (a, 0,0,...). 


1.5. Properties. Let A be a ring, S € J and n G N. Then 

(i) 

gh,(V„(R;)) = , s^S 

for all w G W5/„(A). 

(ii) gh^([a] 5 ) = a^, for all s G 5 and a G A. 

(iii) The Teichmiiller map is multiplicative. Furthermore, [l]^ is the 1 in W 5 (A) 
and [ 0)5 is the 0 . 
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(iv) The Frobenius F„ : W5(74) —> Ws/ni^) is a unital ring homomorphism. 

We have Fi = id and F^ o F„ = F^rn for all m, n. If ^ > S is a ring 

homomorphism, then the Frobenius maps on W 5 (A) and on WsiB) form 
the obvious commutative diagram. 

(v) Write F„^,W5/„(74) for Ws/n{^) considered as W 5 (^)-module via F„. Then 
Yn ■ ^n*^s/n{^) —*■ W 5 (^) is W 5 (^)-linear. We have Vi = id and 
Ym o Yn = Ymm for all m, n. If A ^ S is a ring homomorphism, then the 
Verschiebung maps on Ws{A) and on WsiB) form the obvious commutative 
diagram. 

Proof, (i) and (ii) are easy. The other statements reduce to A = Z[xi,X 2 , • • •] and 
follow then by the injectivity of the ghost map from (i), (ii) and the definition, 
respectively. □ 

1.6. Remark. If p is a fixed prime number, it is customary to write V : W,i(A) —>■ 
Wn+i(^) instead of Vp and then, of course, by (v) above, V”' instead of Ypn. Simi¬ 
larly, we write F : Wn(^) —^ Wn-i(^) instead of Fp and F” for F^n. 

We give a final list of formulas. 

1.7. Properties. Let A be a ring and S a J. Then 

(i) For w = {ws)s£S £ W 5 (A) we have 

w = ^ Vn([Wn]5/n)- 
n£S 

(ii) If (m, n) = 1, then Tm o o F^. 

(iii) F„ o V„ = n. 

(iv) F^(V„([a])) = (m,n)V^([a]™/(™’fo), for all a G A. 

(v) V„([a])V^([6]) = (n,r)V^([a]’'/fo’^)[6]’^/fo’^l), for all a,b G A. 

(vi) [a]V,i(t(;) = V„([a]"'tc), for all a G ^ and w G Ws(A). 

Proof. Same as in 11.51 □ 

1.8. Remark. Notice, that we can do all this also if A is not unital. Especially it 
makes sense to talk about the Witt ring of an ideal. 

1.9. Lemma ( |He04aj . Lemma 1.2.1.). Let S be a truncation set, A a ring and I d A 
an ideal. Then Wsil) C W5(A) is an ideal and we have an isomorphism 

WsiA)/Ws{I) ^WsiA/I). 

Proof. The proof is the one of Hesselholt (there for p-typical Witt vectors). It is 
enough to prove the isomorphism for finite truncation sets. For S' = {1} it is trivial. 
Now let S be any finite truncation set with at least two elements and assume the 
assertion is proved for all Sq ^ S. Take n G S maximal, then S/n = {1} and we get 
the following diagram with exact columns 
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0 

0 


-A/ 


A- 


^A/I- 


-AO 




v„ 


v„ 


-aW5(/) 


-aWs(A) 


^Ws{A/I) - ^0 


R 


R 


R 


0-^ (7)-^ {A) -^ {A/1) 


>0 


0 0 0 

Now the top and the bottom row are exact, hence the middle one is exact too. □ 

1.10. Alternative description of the Witt vectors. There is another description 
of the Witt vectors, which is in some sense more intuitive. Let A be a ring. We 
write 

r(A) = (i + rA[[r]])^. 

Any P G r(A) can be uniquely written as a product 

P{T) = ll{l-WnT^), WneA. 

n>l 

Therefore, we get a bijection 

yj : r(A) ^ W(A), [](1 - WnT^) ^ K)nGN 

Now we define 7 : r(A) —> to be the composition of the maps 

r(A) rA[[r]] ^ a^, 

where the latter map is given by Y1 o-nT"' e-> (an)nGN- The map 7 is a group homo¬ 
morphism and functorial in A. One checks 

gh{w{P)) = 7 (P). 

It follows from the definition of the Witt ring that w : r(A) — > W(A) is an 
isomorphism of groups. For 5 G J, the kernel of the composition with the restriction 
o w is given by 

Is = {ll{l-WnT^)\WneA}, 
n^S 

in particular = (1 -|-r™'+^A[[T]])^. Denoting by r 5 (A) the quotient 

r(A)/ 75 , we get an isomorphism of groups, which we will call w again 

w : TsiA) ^ Ws(A). 

The ring structure of W 5 '(A) induces one on r 5 '(A) and we thus obtain an alternative 
description of the Witt ring. The Verschiebung and Teichmiiller maps act as follows 
• [a] = r(;(l — aT) 

. Vn{[a]) = w{l - aT^) 



10 


KAY RULLING 


and the properties 11.71 (iv) and (v) determine the multiplication and the Frobenius 
maps. 

From now on we will not distinguish between these two descriptions (so forget 
about the F-notation). 

1.11. Remark. (i) If p is a prime, it is now easy to see, 

Vp o Fp = p iff pA = 0 

and an integer n € Z is a unit in W 5 (A) iff it is a unit in A. 

(ii) The Frobenius may be defined in a more natural way. Indeed, it comes 
out that F„ : W (j 4) —> W(A) is the map induced by the norm map Nm ; 

A|(r‘/”|] ^/i[[r|]. 

(iii) Notice that the above description of the Witt vectors is not restricted to 
rings with 1. Indeed, if A is not unital, we may define the group (1 + 
rA[[T]])^, with 1 a formal symbol and group operation 

(1 + TP{T)) ■ (I + TQ{T)) = 1 + (P(r) + Q{T))T + P{T)Q{T)T^. 

One easily checks that this gives a group and that the above discussion still 
works in this case. 

Next we want to define a trace map. The treatment via the norm map on the 
ring of power series is due to hints by Bloch and Faltings. 

1.12. Proposition. Let A be a ring and B an A-algehra, which is a free A-module 
of finite rank. Let S be a truncation set. Then the norm map Nm : R[[T]] —> ^[[7"]] 
induces a trace map 

Tr = TrB/A,s ■ ^s{B) ^s{A), 

(usually we will just write Tr, but the notations Tib/a or Tr^ may also occur, de¬ 
pending on the point we want to stress) which satisfies the following properties 

(i) gh o Tr = Tr o gh, where the latter trace is the usual one Tr : —> A^. 

(ii) Tr is Ws{A)-linear, it commutes with restriction and we have 

Tr o F„ = F„ o Tr and Tr o Vn, = o Tr. 

(iii) We have 

Tr^J^V^K])) = j;Tr(V„(K])). 

(iv) If C is a B-algebra, which is a free B-module of finite rank, then 

Trc/A = Tr^/^ o Ttc/b- 

(v) If A —> A' is a ring homomorphism and B' = B (8)a A', then we have the 
following commutative diagram 


Ws{B) - >Ws{B’) 


Tr 


Tr 


Ws(^) - >Ws{A'). 
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(vi) If we have A-algebras Bi, i = 1,... ,r, which are free A-modules of finite 
rank and B = 01=1 then WsiB) = 01=1 Ws'(i?j) and 

r 

i=l 

for w = , Wr) G Ws{B). 

Proof. Since S is a free A-module of finite rank, -B[[T']] is a free A[[T]]-module of 
finite rank. Thus we have a norm map. Let e = {ei,...,ed} be a basis of B 
over A and Ci £ A such that 1 = Now take a 1-power series over B, 

f = l + T^b{T) £ {l + T^B[[T]])^ and write b{T) = J2f=i ai{T)ei. If we denote by 
Ei the matrix of e* in the basis e, the matrix of / is given by 

F = + T^ai{T))Ei = id + T^Yl 

Calculating the determinant via the Leibniz rule, we obtain 

Nm(/) G {l + T^A[[T]])^. 

Thus, for all m G N, Nm induces a well defined group homomorphism (denoted by 
Nm again) 

Nm: {l + TB[[T]])^/{l + T”^B[[T]])^ {I+ TA[[T]])^/{I+ T^A[[T]])^. 

Now, since (1+ r.B[[r]])'' = + TB[[T]])^/{I+ T^B[[T]])^), we see that the 

map 

Nm : (1 + TB[[T]])^ —^ (1 r^[[r]])'' 

satishes 

(1.12.1) Nm(']J(l - OiT^)] = J]Nm(l - a^T*). 

V>1 ^ i>l 

(Which was not a priori clear, since the product is infinite.) Write Is{B) = 
bjT^)\bj £ B} and similarly for A. We want to show Nm(/ 5 (i?)) C Is{A). By 
(j 1 . 12.1 j) it is enough to show 

Nm(l — bT"^) £ Is{A), for 6 G B and n ^ S. 

For this we write 

Nm(l - bT^) = ]J(1 - ajT^), aj £ A 

and the claim follows, if we show aj = 0, for all j with n fj. Assume this is not the 
case, i.e. r := inf{j | n fj and aj 7 ^ 0} is a natural number. Obviously we have 

Nm(l - bT^) = 1 + X] ^ 

i>l 

This shows, that, if we expand 0(1 — OjT^) in a power series, the coefficient of T’’ 
has to be zero, that is 

(-l)'aji •••aj,) -ttr = 0 . 

jl+...+jl=r 

But by the definition of r the term in brackets is zero, thus = 0, a contradiction. 
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All in all the norm map induces, bv ll.lOl a map 


Tr : Ws{B) —^ Ws(A), 


which is additive and satisfies (hi), (iv), (v) and (iv). Next we want to show (i). For 
this we may assume S' = N. Recall from ll.lTIl that the ghost map is given by the 
composition 


gh : W(R) = (1 + TB[[T]])^ TB[[T]] ^ B^ 

and that, under the latter isomorphism, the trace on B^ corresponds to the trace 
on TR[[T]]. Thus it remains to show 


Nm(P)' = Tr 

Nm(P) \P J ' 


Pe{B[[T]])\ 


where ' means the derivation relative to T. Here we follow an argument of |Hu89j . 
Let M = (ojj) be the matrix of P in the Basis e and M = (dij), with dij = 
(—1)*+-^ det Mji, Mji arising from M by canceling the j-th row and the i-th column. 
Then M' is the matrix of P' and 


(det M)' = ^ djia'ij. 
ij 

(Since, if we view the ajj’s as indeterminants, the Laplace expansion shows dM/daij = 
det Mij and thus d{det M) = ^-^■(—det Mjjdaij.) So we get 

Tr(T) = = = 

hj 

(detM)' _ Nm(P)' 
detM Nm(P) 

The last thing we have to show is (ii), i.e. the linearity and that the trace commutes 
with Frobenius and Verschiebung. Denote A = Z[ya|a € A], We get a map A —> 
Ua 0 ,. Now define B := A^. There is a ring structure on B such that the 
natural map B —> B = is a surjective ring homomorphism and we have 

B (g)^ A = B. (Take aijk G A such that ejCj = for 1 < i < j and write fi 

for the standard basis vector in B , i.e. /i = (1,0 ... , 0), etc. . Then define the ring 
structure on B via, fifj = fjfi = YlVaijkfk- Thus the map B —> B, yafi ae* 
becomes a ring homomorphism. Notice, that B is in general not unital, but it does 
not need to be by remark If. Ill (hi).) Thus we get a commutative diagram as in 
(v). So we may assume that A is Z-torsion free and since gh is now injective, the 
linearity follows from (i) and the linearity of the usual trace map. The statement for 
the Verschiebung follows from property ESI (i) and for the Frobenius from II .41 □ 


1.13. Example. Let L D A; be a finite separable field extension of degree n. Denote 
by ai,... ,an the n distinguished embeddings from L into k, the algebraic closure 
of k. Then the Cj’s define maps from the Witt ring over L in the Witt ring over k 
(again denoted by and we get 

Trtc = ''^ai{w), for all w G WsiL). 
i 

(This follows immediately from the corresponding relation for the norm.) 
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If L D A: is a purely inseparable field extension of degree p® and a € L, we have 
TrV„([a]) = V„(VpeFpe([a])) = V„pe([aP^]), 

by remark If. Ill (i) this is just multiplication with p®. (This is because [L((T)) : 
k{{T))] = and thus Nm(l - aT) = (1 - aT)P" = (1 - aP^TP").) 


Let p be a prime. We denote by the localization of Z with respect to the 
prime ideal (p) C Z. If A is a Z(p)-algebra, the Witt ring may be described in terms 
of the p-typical one: 


1.14. Proposition. Let p he a prime, A a "L^^pyalgehra, S £ J, V = {l,p,p^,...} 
and Ip = {n £ N|(n,p) = 1}. For n £ Ip we define 

"» = n (1V„{1) - i;V„,(l)) £ Ws(A). 

q prime GS 
ipp 

Then there is an isomorphism of rings 

(p:Ws{A)^ n w {Fi{w)^pnS,---,Fniw)n:>ns/n,---), 

nelp 

with inverse map 

WpnS/n{A) -> Ws(A), {wi, . . . ,Wn, ■ ■ ■) ^ ^ ^enVn{Wn), 

nelp nelp 

where Wn £ Ws/ni^) any lifting of Wn under the restriction map. 


for all s £ S. 


Proof. The e^’s enjoy the following properties 

, , , . f 1 if s € nV n S 

a) gh,(e„) = |„ ete 

b) For m,n £ Ip and m n, Fm(en) = 0. 

c) Fn{en)\pns/n = 1 G W-pn5/n(^)- 

Indeed, a) follows from the property O (i). For b) and c) it is enough to consider 
A = Z(p)[xi,...]. Then b) follows from a) and gh^ o F^ = gh^m- ^ prime q with 
q p, we remark that Vg(r(;)|-pnS/n = 0, in e Ws'(£4). By propertv Il.TL (hi) 

Fn(en)jPn5/n = “ q^Q 

ppq 


\pns/n 


— I £ Wpr\S/n{^)i 


thus c). 

Now if is obviously a unital ring homomorphism, so it remains to check that fi 
is the inverse map. p o ijj = id follows immediately form b), c) and II.7L iii). For 
w £ Ws(A), we want to show, fi(ip(w)) = w. We may assume A = Z(p)[xi,...,]. 
By a) we have, for any s £ S, 


ghs 


^^n^n{Fn{'w)\pr\S/n) 


gh^(i(;) if s G nV fl S 
0 else 


nelpHS 


and, since 5" = |J 


nVnS, we see that gh^(V'((p(i(;)) = gh^(i(;), for all s £ S. □ 
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2. The generalized de Rham-Witt Complex 

We give the definition of Hesselholt’s and Madsen’s IHeMaOf] generalization of 
the de Rham-Witt complex of Bloch |B178j . Deligne and Illusie |I179j . It is the initial 
object in a category whose objects are functors from the category of truncation sets 
into the category of differential graded algebras, which are equipped with Frobenius 
and Verschiebung maps, satisfying certain relations. Hesselholt and Madsen show 
the existence in IHeMaDl] using category theory. For Z(p)-algebras, p odd, we con¬ 
struct the generalized de Rham-Witt complex as a quotient of the absolute de Rham 
complex over the Witt vectors, following the method of Illusie. Therefore, we first 
construct a Witt complex without Frobenius, which works completely analogous to 
the p-typical case and then we show that there is already a Frobenius on it, using 
the results of Illusie or the more general results of Hesselholt-Madsen in the p-typical 
case. Afterwards we list some properties, which all follow easily from corresponding 
results in the p-typical situation. 

We denote by DGA the category of differential graded Z-algebras. 

2.1. Definition. Let A be a ring. A V-complex over A is a contravariant functor 

E :J —> DGA, 

which transforms direct limits into inverse ones and posses the following additional 
structure: We denote the elements of degree i in the dga E{S) by E{Sy, then there 
is a natural transformation of rings 

A : Ws(A) —. E{Sf, for all 5 € J 

and for all re G N, natural transformations of graded Z-modules 

V„ : E{S/n) —^ E{S), for all S € J, 

satisfying 

(i) Vi = id, Vn o Vm = Vnmj and V„, o A = A o V^, where the latter V^, is 
the Verschiebung on W 5 (A). 

(ii) Yn{xdy) = \nix)dVniy), for all x G E{S/ny and y G E{S/ny, all i,j. 
(hi) Vn(x)dA([a]) = V„,(xA([a])"'“^)(iA(Vn([a])), for all a G Aandx G E{S/ny, 

all i. 

A morphism of V-complexes, / : E —> E', is a natural transformation of differential 
graded algebras in degree 0, which is compatible with the V^’s and A’s. 

If p is a fixed prime, V = {l,p,p^,...} and we take the restricted category J-p 
instead of J, we call such a functor p-typical Y-complex. 

2.2. Remark. In |I179j . chapter I, Illusie defined a (p-typical) V-pro-complex over 
A to be the following thing (see also IHeMaO^ . section 5): A projective system of 
differential graded Z-algebras, E = {{En)ne¥i, R ■ —> En-i)., together with a map 
of projective systems of rings, A : W.(A) —> E^ and a map of projective systems 
of groups V : E—i —> E., satisfying A o V = V o A, Y{xdy) = Y{x)dV{y) and 
V(x)(iA([a]) = V(xA([a])^’“^)(iV(A([a])), for all x,y & E and o G A. A p-typical-V- 
complex, in our sense, is obviously one in the sense of Illusie. On the other hand, 
if Fi is a V-pro-complex in the sense of Illusie and E'^ is as a dga generated by E^ 
and A is surjective, then E is also a p-typical-V-complex in our sense. One only has 
to show V*(x)dA([a]) = V*(xA([a])^‘’“^)fiV*(A[a]), for all s > 1, o G A and x G if. 
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But from the property II.71 (vi), together with the extra assumption, one sees easily 
A([a])V(x) = V(A([a]^’)x) and the statement follows by induction. 

The following proposition is a straightforward generalization of |I179j . chapter I, 
theorem 1.3 (see also IHeMaOd] . proposition 5.1.1). 


2.3. Proposition. Let A be a ring. Then there is an initial object in the category 
of V-complexes, 

S ^ 

which we call the de Rham-Witt complex. If S is a finite truncation set, then there 
is an epimorphism of dga’s 


^ws(A)/z ^ 

Furthermore, 

W{ 1 } 0:4 = and Wsn^A = ^siA). 


Proof. We begin with the construction for finite truncation sets. Set 


— ^A/Z- 


Now let 5 be a finite truncation set. Assume we have constructed a functor from 
the category {5o ^ S} C Js to DGA, Sq i—> Wso^'ai together with a natural 
transformations of graded groups, Yn : Wso/u^'a —satisfying 
the following properties, for all Sq S 

{a)sQ = W 5 p(A) and the V,i’s and the restriction maps on either side 

coincide. 

{^)So Vl ~ id, Vn oYm — Ynm- 

{c)so Yn{,xdy) = Yn{x)dYn{y), for all x € and y € 

{d)so Yn{x)d[a] = Vn(x[a]”“^)dVn([o]), for all x G W 5 j,/„D (4 and a e A. 

{e)so We have an epimorphism of dga’s vr : (A)/z —^ 

Now we define Ng C to be the differential graded ideal, generated by the 

following elements, for all n > 1 

{I)n 

^ ^ Yn{Xj)dYn{yij) ■ ■ ■ dYn{yij), 
j 


{II)r 


for all Xj, yij G Wg/n^A = ^^s/niA) with Xjdyij ... dytj = 0 in Wg/^Q^. 
Yn{x)d[a] - V„(x[a]”“^)dV„([a]), 


for all a G A and x G Wg/n^^. 


We define 


^s^'a = 


a 




Clearly, = Ws'(A). Let 5o C 5 be a truncation set. We have a restriction 

map WsiA) —> W 5 p(A) and composing the induced map on the absolute de Rham 
complex with the map from (e) 5 p, we get a map of dga’s —>■ Wsq^'a- Using 

(c) 5 p and {d)so, we see that this map factors to give a map of dga’s 


Rl:Wsn-^^Ws,n-^. 
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We obtain a functor 

Js DGA, 5o ^ Wso^A- 

For each n G N we define a map of graded groups —> Ws^'^ by 

Vnixdyi... dyi) := \n{x)(Nn{yi) ■ ■ -dVniyi), for all x,yi € Ws/ni^), where the 
on the right hand side is the Verschiebung on the Witt vectors. By definition the 
Vn’s are well defined and fulfill (i), (ii) and (iii) from the definition 12.1 1 

Now take any 5 G J. We write Jg for the category whose objects are finite 
truncation sets contained in S. Then we define in DGA 


Ws^'a = for '^So^'a- 

SoGJ| 


For S' C S, the restriction maps on the finite truncation sets defined above induce 
a map of dga’s 

—> Ws'n\. 


We get a functor 


J—^DGA, S^Ws^'a, 


which transforms direct limits into inverse ones and coincides in degree 0 with S i—>■ 
W 5 (A). Notice, = {5o/n|S'o G Jg}, thus we can write 


^S/n^A = Ifof ^So/n^A 
SoGJI 


and we see that the V^’s, which we defined for finite truncation sets, induce maps 
of graded groups 

Yn : Ws/n^A ^S^A- 

Thus we get a V-complex S 

It remains to show that this is the initial object in the category of V-complexes. 
So take a V-complex E and a finite truncation set S. Then the map A : W 5 (A) —> 
E{S)^ induces a homomorphism of dga’s, which factors by definition 12.1 1 (i), (ii) 
and (iii) to give a map 


— >E{Sy, xdyi.. .dyi X{x)dX{yi).. .dX{yi), x,yiGWs(A), 


which commutes with restriction and Verschiebung. Furthermore this arrow is 
unique with the property that it is A in degree 0 and since E transforms direct limits 
into inverse ones, we get a unique homomorphism of V-complexes W_Dj 4 — E{—)' 
and we are done. □ 


2.4. Remark. We write WDj 4 := If p is a fixed prime and V = {l,p,...}, 

then we will say p-typical de Rham- Witt complex instead of “de Rham-Witt complex 
restricted to Jp”. By remark 1221 this coincides with the de Rham-Witt pro-complex 
of Deligne-Illusie. We write W^Dj^ for the p-typical de Rham-Witt complex evalu¬ 
ated in {!,... ,p"'~^} and WDj^, if we evaluate it in V and V := Vp. 

The following definition is IHeMnDll . definition 1.1.1., it generalizes the definition 
of a Witt pro-complex (with Frobenius) of Deligne-Illusie. 

2.5. Definition. Let A be a ring. A Witt complex over A is a contravariant functor 

DGA, 


E : J 
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which transforms direct limits into inverse ones, together with natural transforma¬ 
tions of graded rings 

: E{S) —^ E{S/n), for all n G N 
and natural transformations of graded groups 

Yn : E{S/n) —> E{S), for all n G N, 
satisfying the following relations, for all n, m G N 

(i) Fi=Vi=id, FmFn = Fmn, V^Vn = V^m- 

(ii) F„Vn = n, and if (m,n) = 1, then F^V^ = V^F^. 

(hi) Vn(F„(x)y) = xYniu), for all x G E{S), y G E{S/n) and all n G N. 

(iv) F^dYn kdF^jf;-Y^jf^ -1- 

where c = (m, n) and l,k are arbitrary with km + ln = (m, n). 
Furthermore, there is a natural transformation of rings 

A : WsiA) EiSf, 

which commutes with F„ and Yn and satisfies 

(v) F„dA([a]) = A([a]”“^)dA([a]), for all a G A and n G N. 

A morphism of Witt complexes, is a natural transformation of differential graded 
algebras, compatible with F„, Yn and A. 

If p is a fixed prime, we say p-typical Witt complex for a Witt complex on Jp and 
write F := Fp and Vp := V. 

In jHeMaOl] . proposition 1.1.5., Hesselholt and Madsen proved, using the Freyd 
adjoint functor theorem that there always exists an initial object in the category 
of Witt complexes. For Z(p)-algebras, we will show, using the corresponding results 
from the p-typical situation that the de Rham-Witt complex is the initial object in 
the category of Witt complexes. 

2.6. Properties. Let be a Witt complex over a ring A. Then the following 
equalities hold, for all n G N, S' G J, x, p G E{S/n) and all a G A 

(a) FndYn — d. 

(b) dFn = nFnd, Ynd = ndWn- 

(c) Ynlxdy) =Ynix)dYniy), Vn(x)dA([a]) = Vn(xA([a]"-“^))dAVn([a]). 

(d) Fn,dYn{X{[a])) = kdYn/c{X{[a]rh + W„/,(A([a])^-i)dV„/,(A([a])), 
where c = (m, n) and l,k & Z are arbitrary with km + In = (m, n). 

Proof, (a) follows immediately from (iv) of the definition. The hrst equation of (c) 
follows from (a) and (hi) of the definition, the second equation from the first, (hi) 
and (v). Now (b), 

Yn{dx) = Yn{l)dYn{x) = Yn{l)dYn{x) + V„(x)dV„(l) = (i(V„(x)V„(l)) 

= dV„(F„V„(x)) = ndV„(x) 

and similarly 

dF„(x) = F„dV„F„(x) = Fnd{Yn{l)x) = Fn{d{Yn{l))x) + F„(V„(l)dx) 

= F„d(I4(l))Fn(x) -h F„Vn(l)F„((ix) = nFnidx). 
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It remains to show (d). First we consider (m, n) = 1 and take l,k € Z with km+ln = 
1. Then by (iv) and (ii) 

F^dV„([a]) = kdFmVniia]) + lF^Yr,d[a] = kdVniK]) + iyn{[ar~^d[a]) 

and by (c) we are done in this case. The general statement follows now from 
F^dVfl F yy^l CH 

2.7. Remark. Property (c) shows that we have a forgetful functor from the category 
of Witt complexes into the category of V-complexes. 

The following theorem was first proved for Fp-algebras by Illusie, see |I179j . chapter 
I, theorem 2.17, and then generalized by Hesselholt-Madsen for Z(p)-algebras. 

2.8. Theorem f lHeMalM] . Theorem D). Letp he an odd prime and A a algebra. 
Then there is a map of projeetive systems of graded rings 

F : YJ.Q’a —^ W._iO;4, 

which is in degree zero the Frobenius of the Witt ring over A and satisfies 
FdV = d, FV = p, V(F(x)y) = xY{y), for all x G y G 

and 

Fd[o] = [a]^“^d[a], for all a ^ A. 

2.9. Corollary. is the initial object in the category of p-typical Witt com¬ 

plexes. 

Proof. First we have to show that is a p-typical Witt complex, i.e. we have 

to show that (iv) and (v) of definition 12(51 hold true in our p-typical situation, (v) 
follows by induction and the fact that F coincides with the Frobenius on the Witt 
vectors. For (iv) we must show 

F"dV^ = kdF^-^Y^-^ + IF^-^Y^-^d, 

with t = min(r, s) and kp^ + lp^ = ph But we have Yd = pdY and dF = pFd (proved 
in the same way as in EH b)). Thus if t = s, we have 

kdY^-^ + lY^-^d = dY^-^ = F^dY^ 

and if t = r, 

kdF^-^ + IF^-'^d = F^-^d = F^dYZ 

So we see that F makes a p-typical Witt complex. Now, if E is any p-typical 

Witt complex over A, we have a unique map of p-typical V-complexes W.fl)^ —> E, 
which becomes automatically (by propertyEH (d)) a map of Witt complexes. Thus 
W.ll (4 is the initial object in the category of p-typical Witt complexes. □ 

Now, for a Z(p)-algebra A, we want to decompose the de Rham-Witt complex 
into p-typical parts (analogous to the decomposition of the Witt vectors into the 
p-typical ones, as in nronosition II .14|l . Then the F from the theorem 12.81 will dehne 
F„’s on the de Rham-Witt complex and we see that W-FI’a is the initial object in 
the category of Witt complexes. These calculations were already done in |HeMa9l1 . 
section 1.2., but since this construction helps us to reduce almost all statements 
concerning the de Rham-Witt complex to the p-typical one, we will include it here. 

If (O, d) is a dga, we denote f^(j) = (f^, jd). 
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2.10. Construction of a Witt complex (see IHeMaOl] . Section 1.2.). Let p be an 
odd prime and A a Z(p)-algebra. Then we define a contravariant functor M : J —> 
DGA, by 

M{sy = n W-pnS/j^Aij), 

3&Ip 

with the product ring structure and the differential, d, given by 

9{aj)jeip = 

M transforms direct limits into inverse ones and by proposition I1.14L we have an 
isomorphism in degree zero 

A : WsiA) M{Sf, w ^ 

in particular A([a]) = a € A . For n G N we define maps 

V„ : M{S/n) —> M{S), F„ : M{S) —> M{S/n) 


by 


Vn(a), 


hY’^ioj/h) if h\j 
0 else 


where n = p^h with {h,p) = 1 and a = {aj)j^i^ G M{S/n), and for f3 = {ldj)j£ip G 
M(5) 

FMj = F^{(5,h). 

Here V and F are the maps from proDosition l2.dl and theorem l2.(SI (One easily checks 
that Yn and F„ map the elements, where they should be mapped to.) Obviously, 
F„ is a natural transformation of graded rings and Yn is one of graded groups. 


2.11. Proposition. The functor M constructed above is a Witt complex. 


Proof. We have to check the relations of definition 12.51 This is all straightforward, 
so we will just present the most confusing part, i.e. that Yn and F„ commute with 
A and relation (iv). 

First we show, Yn commutes with A. Take w G 'Ws/ni^)^ j G Ip O 5 and write 
n = p^h, with {h,p) = 1, then by definition 


Yn{X{w))j 


h"^"(Pj/h{w)\-pnS/{nj/h)) if h\j 
0 else 


On the other hand, if we write c = (j, n). 


A(Vn,(iu))j Fj(Vn,(iu))|'p(-|5yj (Fj^i.(Yn/c(.'^))\'Pns/j dVn/c(J^j/ci'^))\'Pr\S/j- 

Now if the last term is not zero, then n/c G P 0 S/j, which is equivalent to c = 
h, njc = p^. Thus we have 

A(V,,(u;)), =V„(A(u;)),-. 

Next, F„ commutes with A. For w G W 5 (H) and n as above. 


Fn{X{w))j — F [X[w)jh) — Fp®(Fj/i('*c)|pn5/07i))- 
But, this last term lives on P n {S/jh)/p^ =Vr\ S/{jn), so 

Fn{X{w))j = (FpsFjh{w))l-pnS/Un) = (P j'Pniw))\rns/Un) = X{Fniw))j. 
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Finally relation (iv). After checking relation (i) (easy), this is equivalent to lbv l2.(il 
(a) and (b)) 

Ynd\n = d, ndVn = ^nd and = dYn- 

Now again this is easy, but we include the calculations as an example. Write n = p^h 
with {h,p) = 1 and take a G M{S/n), j G Ip. Then 

(F„5V4a)),- = F^{d\nia))jh = jF^dV*(a,) = {da)j 

and if h divides j 

Tih h 

{ndYnia))j = —(N^{aj,h) = = {^nd{a))j, 

which obviously also holds if h does not divide j. For a G M{S) 

{nYnda)j = nY''{^dajh) = \dY‘'{ajh) = (9F„a)j 
31' J 

and we are done. □ 

2.12. Theorem. Let p he an odd prime and A a X^^pyalgebra. Then the de Rham- 
Witt complex over A, is the initial object in the category of Witt complexes. 

Furthermore, the isomorphism of proposition \1.14\ induces an isomorphism of Witt 
complexes 

(2.12.1) M{-), 

with 

ip{xdyi ... dyi) = {¥j{x)djFj{yi)... djFj{yi)\pf^s/j)x,yi €Ws{A). 

Proof. If we equip the de Rham-Witt complex with a structure of a Witt complex, 
then it is automatically the initial object. Since, if we take a Witt complex E, 
we get by remark ITTI a unique map of V-complexes, which by property 12.hi (d), 
commutes with the F„’s. Thus it is enough to show that we have an isomorphism 
of V-complexes ip : M(—), since then the F„’s on M induce F„’s on 

the de Rham-Witt complex. As both functors take direct limits to inverse ones, 
we are reduced to prove the isomorphism for finite truncation sets. So take a finite 
truncation set S € J. By proposition 11.141 we have an isomorphism 

Ws(A) —> Yl w ^ (Fj(u;)|pn5/j)je/p, 

with inverse map 

^ ■■ n ^vns/M) ^s{A), ^ Y. 

j&Ip n&lp 

where Wj G Wg/j{A) is any lifting of wj under the restriction map and the Cj’s are 
as in proposition I1.14L If we denote the differential of ^w 7 Dns/ (^)^J^ ~ 7^’ 

this map induces an isomorphism of dga’s 

T ■ ^Ws(A) ^ n 

j&lp 

with 

ifixdyi. ..dyi) = {Fj{x)djF j{yi)... djF j{yi)\-pns/j) x,yi G Ws(A). 
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We observe that e? = ej (this follows from (a) in the proof of proposition II. 14|) and 
thus the inverse map is given by 

( 2 . 12 . 2 ) j{xj)dV... dVj{yij). 

i6/p 

Now we have to show that this gives a well defined isomorphism as in mm- For 
S = {1} nothing is to prove. So we take any finite truncation set S and assume that 
the statement is known for all Sq ^ S. Let Ng be the differential graded ideal from 
the proof of proposition 12.dl generated by (/)„ and {II)n, for 1 < re G 5. Then we 
have to show 

(2.12.3) ip{Nh) = n N},^s/r 

3&Ip 

That the left hand side is contained in the right, follows if we prove 

(2.12.4) 'KLp{\ri{x)d\n{yi) ■ ■ ■ d\n{yi)) = Vn(7rv?(xdyi... dyi)) in M(5), 

where tt : OjeLp ^Ws(A)(j) —is the natural map, the V„ on the right 
hand side is the one from construction ma and x,yi G But if we write 

If = {ipj)j, then 

'XfjiYn{x)d\n{yi) • • • d\n{yi)) = n{x))jd\{\n{yi))j • • • d\{\n{yi))j 

and thus (12.12.41) follows from the fact that M is a Witt complex. It remains 
to show that the right hand side of (I2.12.dl) is contained in the left. Denote ej = 
(0,..., 0, 1, 0 ...), with 1 sitting in the j-th place. Now take Xn, yin £ W( 77 |-| 5 /j)/ps(^) 
with 

^ ^ XndyXn ■ ■ ■ dyin — 0 G 

n 

and write a = Cj J2n^ps{xn)djYpo{yin) ■ ■ ■ djYpo{yin). Then 

ip (cr) = ^ ^ ^jp‘ (I’i+i {^j)xn)dYjps{yin) • • • dVjps(yj,^), 

n 

but Fjps{ej) = Fjp.(n(jVj(l) - j^Yjqil)) = d G W 5 /(jp«)(^) and 
eiXndyin ... I/m = f~^{ei'^Xndyin ... dyin) = 0. 

n 

This shows that ip~^a is of type {I)j and thus in Ng. Finally we take the element 
(3 = ejYps{x)dj[a] — ejVps(x[a]^”’“^)9jVps([a]) G Ws/jFl\ej 

and get 

ip-\P) = V,(eiVp.(^x))dV,([a]) - V,(eiVp.(^x[a]^“-i))dV,(Vp.([a])), 

which is of type (//)p‘>, if j = 1 and of type (I)j, if j > 1. This yields (12.12.31) and 
thus an isomorphism (12.12.11) . which is compatible with Yn by (12.12.41) . □ 

2.13. Remark. If ^ is a Q-algebra, we may choose any prime p. In particular, if 
S is a finite truncation set, we can choose a prime p, which is not contained in S. 
Then V r\ S = {1} and we obtain by theorem 12.121 an isomorphism 
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Therefore almost all statements for the de Rham-Witt complex follow immediately 
from the corresponding statements for the de Rham complex. 


2.14. Remark. Similar to the definition and construction of the p-typical de Rham- 

Witt complex of Deligne-Illusie (or Hesselholt-Madsen in the case of Z(p)-algebras), 
Langer-Zink give in [Tja,Zif)41 Chapter 1] a definition and construction of a (p-typical) 
relative de Rham-Witt complex for a i?-algebra A (with R a -algebra), denoted 
by The differential in the n-th level is required to be Wn(R)-linear. The 

universality of the p-typical de Rham-Witt complex gives a natural map ^ 

2.15. Lemma. If R is a perfect ¥p-algebra (i.e. RP = R), with p odd, or R = Q 
and A is a R-algebra, then the natural map 

is an isomorphism 

Proof. We have to check that the differential of a p-typical Witt complex is W.{R)- 
linear. This follows from remark HR = Q. Else let a G i? be an arbitrary 
element and take b & R such that IP = a. Then 

dV^([a]) = = p"d[6P"'’'] = p’"[6P"“’'-V[fe] = 0 in W^fl^ 

□ 


There are two important examples of truncation sets, sets of the shape {l,p,... ,p^}, 
these give the p-typical Witt complexes, and the sets {1,2,..., m}, m G N. The fol¬ 
lowing definition says how a Witt complex on these sets look like. 

2.16. Definition. Let ^4 be a ring. A restricted Witt complex over A is a projective 
system of differential graded Z-algebras 

((A'mjmgl^, R . E.,yi+1 ^ EfYi) 

together with families of homomorphisms of graded rings 

(Fn • F/,2m+n—1 ^ 

and homomorphisms of graded groups 

(V}2 . E^n > EjiYn+n—l')m,n£fi^ 
satisfying the following relations, for all n, r G N 

(i) RF„ = F„R-, R"V„ = V„R, Fi = Vi = id, F„F, = F„„ V„V, = 

V nr ■ 

(ii) F„Vn = n, and if (n,r) = 1, then F^Vn = V^F^ on Erm+r-i- 

(hi) Vn(F„(x)y) = xYniu), for all x G Enm+n-i, y ^ Em and all n G N. 

(iv) PndWn — d, dPn — ^F^cf, nd — ndWn' 

Furthermore, there is a homomorphism of projective systems of rings 

(A : W™(A) ^ El)mm, 
which commutes with F„ and and satisfies 

(v) FndA([a]) = A([a]"'“^)dA([a]), for all a G A and n G N. 

A morphism of restricted Witt complexes over A is a morphism of projective 
systems of dga’s, compatible with F„, and A. 
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Notice, that we have a forgetful functor from the category of Witt complexes over 
A to the category of restricted Witt complexes over A, E{—) i—(£'({1,... , m}))m£N- 

2.17. Corollary. Let A be a Xf^yalgebra with p an odd prime. Then (Wmf^^)mGN 
is the initial object in the category of restricted Witt complexes. 

Proof. Let LI be a restricted Witt complex over A. Using the construction ofWm^A 
in the proof of proposition [221 one checks immediately that we have a unique map of 
projective systems of dga’s E, commuting with and A. It follows from 

1221 (d), that it antomatically becomes a map of restricted Witt complexes. □ 

We give some properties of the de Rham-Witt complex we need later on. 

2.18. Proposition. Let {Ai)i^j be a directed system, A = lim^j. For a finite 
truncation set S define E{S) = liip W 50 ' 4 ; ^ DGA and for an arbitrary truncation 
set S define E{S) = jim^^ E[So) G DGA, where the limit is taken over all finite 
truncation sets contained in S. Then 


E-.J —. DGA, S ^ E{S) 

can be equipped in a natural way with the structure of a Witt complex and the natural 
map 

W-D'a —> E{-y 

is an isomorphism. 

Proof. First of all notice, that direct and inverse limits exist in DGA (see |K^ 
2.11 Theorem]), thus the statement makes sense. Next we observe, 

E{Sf = limWs(Aj) ^ Ws(A) 

(where the latter isomorphism is induced by the natural maps Ws'(Aj) —> W 5 (A)). 
With the same reasoning as in the proof of proposition (221 h is enough to show that 
S I—> E(S) is a Witt complex on the category of finite truncation sets. For finite 
truncation sets T C S, n,q G N and tv G limW 5 D^^, define 

(2.18.1) (jJ\T = ipj,T{uJjy), 

and 


(2.18.2) F,^(a;) — 5/„(F„(a;j)), 

where Wj G is a representative of cu and ipjy : liipW 5 D 4 . is the 

natural map. Furthermore define for uj G limWg/nD^, 


(2.18.3) V„(a;) = ipjy{Yn{(^j))- 

One immediately verifies that these maps are well defined and make S 1 —> E{S) 
into a Witt complex over A. Thus, by the universal property of the de Rham-Witt 
complex, we get a map 

E{-y, 

which is easily checked to be the inverse to the natural map 

E{-y^w.n-^, 


coming from the maps 


hence the assertion. 


WsD'y^. —*• WsD'j^, for S finite. 


□ 
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2.19. Proposition. Let k he a field of characteristic p 2 and A a k-algebra, U d A 
a multiplicative system and S a finite truncation set. Then, for all i, the natural 
map 

Ws{U-^A) ®Ws(A) ^ ^S^if-^A 

is an isomorphism of Ws{U~^A)-modules. 

Proof. If p = 0, this follows from the remark [2.1111 If p > 2, then by theorem 12.121 
and proposition 11.141 we are reduced to the p-typical situation and the statement 
becomes proposition 1.11. in chapter I of |I179j . □ 

2.20. Proposition. Let k be a field of characteristic p 2 and A —> B an etale 
homomorphism of k-algebras and S a finite truncation set. Then, for all i, the 
natural map 

Ws{B) ®Ws(A) ^S^A ^ 
is an isomorphism of Ws{B)-modules. 

Proof. Again in characteristic zero this follows from remark 12.1 .‘11 and the corre¬ 
sponding statement for Kahler differentials (see |E(1A IVj . corollaire (17.2.4)). If 
p > 2, it is by theorem 12.121 and proposition 11.141 enough to consider the p-typical 
de Rham-Witt complex and the statement becomes proposition 1.14., in chapter I 

of [uni. □ 

The following Lemma was proved by Hesselholt in the p-typical case. 

2.21. Lemma l [Hen4a,] . Lemma 1.2.2.). Letp be an odd prime, A a'L(^pyalgebra and 
I d A an ideal. Let S be a finite truncation set and denote by Is the differential 
graded ideal in Ws^'a generated by Wsil). Then, for all q, we have an isomorphism 
of W s (A) -modules 

Proof. Obviously we have a contravariant functor 

r-.Js^ DGA, 5o ^ Aso • 

We want to show that this is a Witt complex over A/1 on the restricted category 
Js. By lemma EHl we have a natural isomorphism 

A : WsfiA/I) ^ r(5o)° = WsfiA)/WsfiI). 

Furthermore, it follows from the properties EZl (i))(iv) and 12.6L (c) and (d), that for 
So d S and all n, m 

Tm{Tso) d Is^lmi '^n^Soln) I ^Sq- 

Thus the V„,’s and F^’s on the de Rham-Witt complex over A, induce such maps on 
T. It follows that r is a Witt-complex over A/1 on Jg. Therefore we get a unique 
map —> T (where denotes the de Rham-Witt complex restricted 

to Js). One easily checks that this map and the natural map T —are 
inverse to each other and we are done. □ 

Finally, we want to introduce the great brother of the ghost map. 
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2.22. Definition-Proposition (cf. |LaZin4j . 2 .4). Let p be an odd prime number, 
S a finite truncation set and A a Z(p)-algebra. Then there is a map of graded 
W5(74)-algebras 

Gh : Ws^A n 
ses 

which sends elements uj = ([ai])... dV,i^([ar]), with w G WsiA) and Oj € A, 

to (Ghs(a;))se 5 with 


( 2 . 22 . 1 ) 


Gh,(a;) = 


gh^(n;)a(*i 

0 


^—1 
. a 


dcL\ ... dcLy 


if ni\s, 
else. 


all 


(A sloppy way to say this is “Gh^(xdyi ... dpr) = gh^(x)idgh^(yi)... idgh^(?/,.)”.) 
Gh is a natural transformation with respect to A and if A is a Q-algebra, it is an 
isomorphism. We call Gh the ghost map on Ws^'a- 


Proof. We define 

d = {ds)s ■■'Ws{A) —>]Jgh^^n)i, w = {ws)s ^ C^wi ^dwe)^. 

sGS e\s 

We observe that 5 is a derivation. Indeed, it is enough to check this on A = Z[xi,...], 
but then it follows immediately from sdg = dgh^. We obtain a map of graded W 5 '(A)- 
algebras 

Gh : > JJ gh^^n^, 

ses 

which is clearly an isomorphism, if A is a Q-algebra. It remains to show that Gh 
factors through Ws^'a^ i-e. the elements {I)n, {II)n from the proof of proposition 
o go to zero under Gh. Again we can assume A = Z[xi ...] and then the assertion 
follows easily from s''Ghs{xdyi ... dpr) = ghj.(x)dgh^(yi)... dg]ig{yr). 

□ 


2.23. Properties. We have for all s G S' 

nu nr t ifn|s 

(i) Ghs{\n{oJ)) = < Q for OJ G Ws/n^A- 

(ii) Gh,(F^(a;)) = Gh,^(a;), for n; G 

(iii) Gh,(^) = f,foraGAX. 

(iv) sGhg o d = do Gh^. 

(v) If (f : ^ M{SY is the map from theorem I2.12L then for j G Ip, 

r G No 

Ghpi-((^((v)j) = Ghjpi-(cu). 


Proof, (i), (iii) and (iv) follow immediately from (12. 22. IB . It is enough to check (ii) 
for oj = dVr{[o]), a G A. Write c = {m,r) and take l,k Gh with km + lr = c. Then, 
by propertylT^ (d), FmdVri[a]) = kdYr/ci[a]'^^‘') + l^r/c{[a]^~^)dMr/ci[a])- Using 
((Z2Z3I), we see that Gh 5 (F^dVr([a])) is zero if ^ J(s or equivalently r /fsm, and if 
r|sm 

(ms) 1 

Gh,(F^dV,([a])) = a—-^da = Gh^,(dV,([a])). 








26 


KAY RULLING 


This proves (ii). Finally, (v) follows from 

if{xdyi... dyq)j = 'Fj{x)djYj{yi)... djYj{yq)ypr,s/j = Fj{xdyi ... dyq)\'p^s/j 
and (ii). □ 

2.24. Remark. Let R be a Z(p)-algebra and A a R-algebra. Then Langer and Zink 
construct in |LaZi041 2.4.] in the same way as above a homomorphism of projective 
systems of graded algebras 

n—1 

Gh = (Ghi, Ghp,..., Ghp„-i) : ^ 

i=0 

satisfying the relations in (12.22.11) and vrm (i)- (iv) formulated for the p-typical 
situation. And they prove: 

2.25. Lemma i |LaZi04] . Gor 2.18.). If R is a algebra without p-torsion, then 

n—1 

Gh : ^n^R[xi,...,xdyR ' n 

i=0 

is injective. 

2.26. Corollary. If A = Z(p)[xi ,... ,Xd] and f € A \ {0}, then the natural map 
is injective. 


Proof. We have a commutative square 




A- 




Gh 


X]_,...,Xd] 

Gh 


nr=o^ 


* ^(p) [^11 • •‘i^d]/^(p) 


nr=o^ gv**^' 


-pT“Q[a:i,...,a;d]- 


Now the right map is an isomorphism, the left map and the lower map are injective 
(since Xd]/Z( ) ^ Z)(p)-module). Hence the upper map is injective too. 

Furthermore ^ = W„(A)[j] ®w„(A) (see |L:;iZi04| (1.35)]) and 

since localization is flat, the statement follows. 

□ 


2.27. Remark. Notice, that the above injectivity would be false, if we wrote the 
absolute de Rham-Witt complex at the left instead of the relative one. For example 
Wnflo is zero, but is not (see [HeMaOdl Example 1.2.4.]). 
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3. A Residue Theorem 

In this section we will define a residue symbol on the de Rham-Witt complex 
over the function field A of a curve, which is defined over an arbitrary field k of 
characteristic 7 ^ 2. This residue will generalize the one on the Kahler differentials 
on the one hand and the one defined by Witt on Ws’(A) x on the other hand 
(see |Wi361 2. Der Residuenvektor], see also lAnRoOdl 4.3.]). To be able to define 
a residue for curves defined over a field k, we first have to construct a trace on 
the de Rham-Witt complex for arbitrary finite field extensions. Here we proceed 
analogously to the construction of the trace for Kahler differentials (see |Kii641 §2. 
Der Begriff der Spur], see also |Ku 86 [ §16.]). The main goal of this section is to 
prove a reciprocity law for the residue symbol. The proof will be done as in the 
classical case, by reduction to via a trace formula and a direct proof in this case. 
(See |Se 88 [ II, 12.], when the ground field is algebraically closed, and |Ku861 17.7 
corollary], for the general case.) 

Any field in this section has characteristic 7 ^ 2. 

Before we can start with the construction of the trace, there are some technical 
points to settle. 

3.1. Theorem l [HeMa,ri4] . Theorem 4.2.8.). Let p be an odd prime, A aalgebra 

and A[x\ the polynomial ring over A. Then, for all n,q £ N, the group is 

freely generated by elements of the following type 

(3.1.1) a[xy, for a £ WnLl%j £ No, 

(3.1.2) b[xy-^d[x], for b £ W„R^"\ j G N, 

(3.1.3) V^(a[x]-’'), for a £ Wn-s^%j £ Ip, s = 1,... ,n - 1, 

(3.1.4) dV^{b[xy), /or 6 G Wn_sR^“\j G Ip,s = 1,... ,n - 1. 

3.2. Remark. In |HeMaf)4l 4.2.] Hesselholt and Madsen say also how d, V and F 
act on these elements and they give rules for multiplication. In fact, it is this result 
which enables Hesselholt and Madsen to define the Frobenius map form theorem 12.81 
A more general statement, for a polynomial ring with a finite number of variables, 
may be found in [HeDdai Theorem 1.2.1.]. (See also IIjaZiDdl Theorem 2.8] for the 
corresponding result in the case of the relative version of the p-typical de Rham-Witt 
complex.) 

3.3. Lemma. (i) Let A —> B be an etale morphism of¥p-algebras. Then for 

all n G N, the map W„(A) —> W„(R) is etale and 

Wn+i{B) (X)w„+i(A) F*W„(A) ^ Wn{B), b®a^ ¥{h)a 
is an isomorphism of Wn{A)-algebras. 
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(ii) Let A be a ¥p-algebra and U <Z A a multiplicative system. Then the map 
Wn{A) 'Wn{U~^A) is flat and 

: Wn+i{U~^A) ®w„+i(A) F*Wn(A) ^ Wn{U~^A), q^a^ F(g)a 
is an isomorphism of Wn{A)-algebras. 


Proof, (i) may be found for example in ITjaZiDdl A.8, A.11], To prove (ii), we define 
a map 7/. : W„(C/-M) ^ W„+i((/-G) ®w„+,(a) F,W„(/1), by 

(3.3.1) ?i(Vl((g)) andvEv>{fcD) =53V(Vl(feD). 

j 3 


We have to check that this is well defined. So take a,b £ A and t,u,v G U with 
t{av — ub) = 0, then 

^(v^af])) = ^®^^{[atv]\utvr^^-^) = v^(v^a!]))- 

Obviously, ip o tp = id. Thus it remains to show ip o p = \d and for this it is enough 
to consider elements of the form a = V'^([-]) (X) V*([6]). Since we are in a Fp-algebra, 
we have VoF = FoV = p, thus, if t = min(i, j), we obtain with the help of property 
O (v) 


(^(a)=W(F([^]))W 

So we get 






'ip{p{a)) 




Furthermore, the flatness of Wn(A) —> Wn{U~^A), follows from Wn(f7“^A) = 
U~^Wn{A), with Un = {(ooi • • • ifln-i) G Wn(A)|ao G U} (see the proof of proposi¬ 
tion 1.11. in |I179| 1 and the fact that localization is flat. □ 


The following lemma is a slight adjustment of |I1791 I, 3.2., 3.4., 3.21.1.] to our 
situation. 


3.4. Lemma. Let k be a field of characteristic p >3 and i > 0, n > 1. Then 

(3.4.1) 

ker(7? : Wn+M WnLll) = ker(p : Wn+iLll Wn+iLll) = Y^WiLll+dY^W 
where p means multiplication by p, and 

(3.4.2) ker(V : ^ W„+iQt) = dY^-^WiLL^^. 

Proof. Illusie already proved the statement for smooth Fp-schemes, in particular for 
Ap^. We write A = Fp[xi,..., and Q for its quotient field. From (13.4.11) for A 
instead of k it follows that we have exact sequences of W„+i(A)-modules 



Wn+in\ R,WnLl\ - 

o 

T 

Y^WiQ\ + dY^WiQ^^ — 

Wn+in\ ^ pWn+lLl\ - 

— ^0 
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Tensoring with W,i_|_i(Q) together with W„+i((5) 0 = W^+iOg (proposi¬ 

tion umi), shows that the abelian groups ker Rq and ker pQ are generated by 

aV"(a) + bdY^iP) = V”(F"(a)a) + dV”(F”(6)/3) - {F^(db)(3), 

with a,b ^ W,i+i((5), a £ and (3 £ This shows (Id. 4. II) for Q. 

Furthermore, by combining proposition 12.191 with lemma Id.31 (ii), we obtain an 
isomorphism 

W„+i(Q) 0w„+i(A) F*W„Q (4 ^ W^Qq, F{q)a. 

This yields the following commutative diagram with exact columns 

0 


Wn+i((5) 0w„+i(A) ker \A -ker Vq 

Wn_i-i((5) 0w„+i(A) 
idOV 

w„+i(g) 0w„+i(A) 

0 a 

From (imi) for A it follows that we have a surjection 

W„+i(Q) 0w„+i(A) F,d\^-^WiQ3X^ ^ ker Vq. 

Thus the abelian group ker Vq is generated by 

F{q)(N'^-^{a) = (N^-^{F'^{q)a)-Y'^-^{F^-^dF{q)a), for q £ W„+i(g),a G 

But V”“^(F”“^dF(g)a!) = p\^~^{F'^{dq)a) = 0 in Wnflg, by what we saw above 
and this proves (Tmi) for g. Now assume /c D g is a finite separable field extension, 
then replacing T by g and g by /c in the discussion above and quoting proposition 
12.201 instead of 12.191 and the part (i) of lemma Id.dl instead of (ii), we see that the 
lemma holds in this case. 

We observe: letk Y Q he an algebraic separable (resp. D Fp any) field extension 
and L a finite separable (resp. finitely generated) intermediate field and a £ 
with a I—> 0 under Wn^^i —> Wn^\. Then there is a finite separable (resp. finitely 
generated) intermediate field L C L' G k with a 0 under WnFl^i —^ Wn^^i. 
(Indeed, we may write k = limL, where the limit is over all finite separable field 
extensions L D Q contained in k (resp. over all finitely generated field extensions 
L D Fp contained in k) and then the observation follows from nronositiou 12.1 8l i 
Now let k be finitely generated over Fp. Then there exists a transcendence basis 
{xi,... ,Xr}, such that k D Fp(xi,... ,Xr) = g is an algebraic separable field ex¬ 
tension. Take a £ ker(i? : —> W„n^). Clearly, there is a finite separable 

intermediate field Q C L C k and an element a' £ which maps to a. Thus 

R(a') I—> 0 under WnFl'^i —> WnFl\ and the assertion in this case follows from the 
observation and by what we saw above. The statements for p and V follow similarly. 








V 


> VW„V!j. 


Q 
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Finally, let Fp C A; be an arbitrary field of characteristic p, then we replace in the 
discussion above Q by Fp and “finite separable” by “finitely generated” and the 
statement is proved. □ 

The following proposition is essential to prove that the trace we will define in I.S.7I 
is well defined in the case of purely inseparable field extensions of degree p. 

3.5. Proposition. Let k be a field of characteristic p > 3 and L = k[x\/{x‘P — b), 
for some b € k\kP. Then 

(3.5.1) ker(W„+iQi ^ 

n 

= ^(V”([6])dV”Win^-^+dV”([6])dV’"WiO^-2)+(V’"WiO^-^+dV’"WiO^-2)d[5]. 

r=l 

Proof. We denote by i : Wn+i^X —^ Wn+iLlf the map induced by the inclusion 
k G L. First we observe that by lemma mi the right hand side of the equation is 
contained in the left hand side, for example 

4V”([6])dV”(a;)) = V”(F([x]))dV’"(i(c^)) = pV^-\[x])d\^{i{u)) = 0 


or 

L{V^{uj)d[b]) = pY^{i{u;))[x]P-^dx = 0. 

Thus our task is to show the other inclusion. Let I be the kernel of k[x] —> L and 
T* the kernel of the map ^ Wn+iLlf. Then, since we have an inclusion 

Wn+iLll C (by theoremEUI, ker L equals T* n Wn+ifl^. Now by lemma 

12.211 X* is generated by W„,+i(/) and dWn+i{I)- We claim that every element in 
Wn+i(/) may be written as a sum of elements 

Vr{a,j) := F”(a[xP([xf - [ 6 ])), for a G Wn+i-r(A:),r = 0,...,n, j > 0. 

(To see this, we define an operator p in the following way: take w = {wq, ..., Wn) G 
Wn+i(/), write m = min{/|rci 7 ^ 0} and Wm = Yhj ~ ^)) ^ k. Then 

uiw) = V™'([aj][x]'^([x]P — [b])) is in Wn+i(/) (by lemma EH) and (p{w) := 

w — u{w) G V"^~^^Wn{I). It follows that there is a N" such that (p^(w) = 0, hence 
the assertion.) Thus we can write every Element of X* as 

n 

EE UJjrVri^jr ^ j) H“ (^jr; j)? 

j r=0 


for LVir G Wn+in^[,j,p G Wn+lH^yj] and air,hr G Wn+i_,r(A:). Now k[x] —> k, 
X I—> 0 , defines a map s : W„,+ill^[,j,] — W„,+ill^ such that the inclusion followed 

by s is the identity. We obtain ker t = X* n Wn+iH^ C ^(X*). Thus every element 
in ker t may be written as sum of elements of the following type (we write them 
directly in the form of theorem EH 


a;V”(a([xf - [ 6 ])) 


auj[x]P — auj[b] for r = 0 

V”-i(F(X”(a;)a)[x]) - a;V”(a[ 6 ]) for r > 1 


with uj G Wn+iHfc, a G Wn+i-r{k), and 

ridV^c{[x]P 


[ft])) = 
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''qdclxY + ricp[xY’ ^d[x\ — rid{c[b]) for r = 0 

< pdN{c)[x\ + r/V(c)d[x] — r}d\{c[h]) for r = 1 

_(-l)*-i(^dV’'-i(F^-n??)V(c)[x]) - V’'-i(F^-i(dr/)V(c)[x])) - r]dW{c[b]) for r > 1 

with r] e c e Wn+i-r{k)- Thus we can write every element a G ker u in 

the following way 

a = ^OOio^^Oio W) 

20 ^0 h h 

+ E(E V’-‘{V(F’'(i^rt,)<iri,))[i]) - 

r=2 ^ ir ir 

+ Y1 dojodcojo [xY + VojoCojoP[xV~^d[x] - r?ojod(cojo [b]) 

jo 

+ '^VijidV{cij^)[x] +7]ij^V{cij^)d[x] - mji(dViciji[b]) 
ji 

n , 

+E(E(-ir'<'v’-'(v(<v,oF’-'('7nOW)- 

r =2 jr 

By theorem Ilf.II such an element is in T* H Wn+i^X if and only if the coefficients of 
the x-terms cancel out each other, that is 

(a) Eii V(F(a;iii)aiiJ + Eji Vijidy{cij,) = 0 in Wn+i^l, 

(b) Eio aoio^Oio + Ejo dOjodcojo = 0 in Wn+i^i, 

(c) E,imnV(ci,i) = OinW„+iO*-\ 

(d) pEjo dOjoCojo = 0 in Wn+l^fE^ 

(e) Ei.V(F-(u;„Ja„J - Ej^ncrj.W^-Hdprj.) = 0 in 

r > 2, 

(f) Ei. V(c,,jF’'-i(r?,,J = 0 in W„+ 2 -Ff^r'> ^ > 2 - 
If we write 

7r = {ariAb]) +'^drjrdV^ {Crj^[b]) 

ir jr 

we obtain 

n 

a = -Y,lr 

r =0 

and thus it is enough to show that 7 ^ is contained in the right hand side of (HSU), 
for r > 0. We start with 70 . By (b) 

70 = '^dOjoCoj^d[b] 

30 

and from (d) and (|l-i.4.1l) we obtain 70 G V"Win^d[ 6 ] + dV'^WiQ]^^d[b]. Next 71 . 
Writing (c) as V(Eji F( 7 iji )cij3) = 0, we see from (13.4.21) that there is a /3 G Wifl^ ^ 
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such that 

(3.5.2) =dV-n/3). 

ji 

Furthermore, (c) tells us = (“!)* thus (a) be¬ 

comes 

il jl 

and by (IS321) there exists an /?' G ^ such that 

(3.5.3) Y.^{u;u,)ain + (-1)* ci,iF(dr?i,J = dV^-\p'). 

h jl 

All in all we get by (13.5.21) and (13.5.31) 

71 = E‘^inV(ai,, [6]) + (-1)*-^ dV(F(r?i,Jci,, [b]) + (-1)* V(ci,,F(dr?yJ[6]) 

*1 jl jl 

= \{dY^-\p')[b])+{-iy-^dY{dY^-\P)[b]) = Y{[b])dY^{/3')+(N{[b])dY^{{-iy-^ (3). 
Finally 7 ^, for r >2. We see from (e) and (Tmi) that there is a /3 G ^ with 

(3.5.4) ^ F"(u;, 7 )a„, + (-1)' ^ 

ir jr 

By (f) and (13.4.21) there is a /?' G such that 

(3.5.5) Y.^rjXM = dY'--^{f5'). 

jr 

Using (13.5.41) and (I3.5.5j) . we obtain 

7, = vyj; F’'K,,,)a„,| 6 ])+j;(-l)‘V(c,,,| 6 ]F''(<i,,,,)) + (-!)*-■ dV'(F'(7,j„)c,j„|6|) 

V jr jr 

= V^((fV”-^(/3)[6])+(-l)*-i(iV^((iV”-^(/30[6]) = Y''{[b])dY^{P)+(Nmb])(N^{{-iy~^fd') 

and we are done. □ 

3.6. Definition (cf. mzH], Proposition 1.3.4.). Let k he a field of characteristic 
p > 3 and S a finite truncation set. We just write pS instead of 5 U pS (which is 
again a truncation set). Then we define a map of dga’s 

p:Ws^'k —'Wpsfij,, uje^poj, 

where u) is any lifting of uj to By lemma mi u is well defined and injective in 

the p-typical case, p : W„nj. ^ Wji+irij,, and thus by theorem 12.121 also in general. 

The following construction of the trace in the case of a finite field extension, by 
defining it separately for separable held extensions and for purely inseparable ones 
of degree p and then in the general case by combining these two, is the way it was 
done for Kahler differentials in |Ku641 §2.]. We recall the dehnition of the trace on 
Kahler differentials for separable and purely inseparable held extensions, to point 
out that our construction harmonizes with the one of Kunz. If L D A; is a separable 
extension, the trace is given by Tr = Tr^./^ ( 8 ) 1 : L 8 ^ ^k- If A D /c 

is purely inseparable of degree p, we can write L = k[x]/{xP — b), b G k\kP. Then 
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each uj G may be written in the form + X]f=i PiX^dx, with ai G 

and Pi G and then, by definition, Tr(a;) = Pp-idb. 

3.7. Theorem. Let k C L be a finite field extension of characteristic p 2 and S a 
finite truncation set. Then there is a map of differential graded WsLl'j^-modules 

Tr = Tr^/fc : WsLl,, 

satisfying the following properties (usually we just write Tr but depending on the situ¬ 
ation, we also use Tr^ or Tr* to indicate that we are in degree i, combinations 

of these notations may also occur, but we try to omit 

(i) Tr^ is the trace from nronosition M . 1?i For S = {!}, Tr 5 is the old trace on 
Kdhler differentials. 

(ii) If k C L is a separable field extension, then we may identify (by proposition 
\2.20\) Ws{L) iSi 'WgLll = WgLlf and then Tr is given by 

Tr = Tr° ® id : Ws(T) ® WgLli —> WgLli. 

(iii) If k C L is purely inseparable of degree p and to G WsLlf, then p{td) is in the 
image of the natural map WpsLll, —*■ WpsLlf and if we take an a G WpsLl}. 
which maps to p{to), we have 

Tr(a;) = a| 5 . 

(iv) If k <Z E <Z L are finite field extensions, then 

^^Ljk = Tr^/fc o Tr^/^. 

(v) Tr commutes with F„ and restriction maps. 

Proof. First assume k C L separable. Denote by crj, j = 1,... ,d, the embeddings 
of L into its algebraic closure, which leave k invariant. These induce maps on the 
level of the de Rham-Witt complex, again denoted by Uj. For to G we define 

Tr(to) = Y^aj{uj). 
j 

By example II. 131 this gives (ii) and (i). Obviously it is a map of differential graded 
W 5 D^-modules and fulfills (iv) and (v). 

Now we consider the case of a purely inseparable field extension A: C T of degree 
p. We want to define the trace in this case by (iii). To be able to do this, we have 
to show 

(3.7.1) im(p^) C im(WpsDfc ^ WpsLlf) 

and check that the trace is independent of the choices. By theorem 12.121 it is enough 
to consider the p-typical case. We can find an element b G k\k^ such that we may 
identify 

L = k{x\/{x^ — b). 

If we denote by y the image of x in L, we see by theorem 13.11 that every a; G W„D^ 
may be written in the following way 

p—1 p—1 n—Ip—1 

^ = E + E +'’opfei'-Ubi + E E \^{asj[yy) + dYpbsj[yy), 

j=0 j=l s=l j=l 
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with Qsj G Wn-s^l and bgj G Wn-s^l. Recalling from remark fl.llL (i), that 
V o F = p, we obtain 

p—1 P~1 

(3.7.2) p(a,) = E2oA(['-F) + E bojdv{[by) + bopd[b] 

j=0 j=l 

n—1p—1 

+ E E V' {bsMiby)), 

S=1 j = l 

where ~ denotes any lifting from the level n — s to the level n — s + 1. This shows 
(EZU). So take an a G Wn+i^\, which maps to uj and define Tr(a;) = a\n- By 
proposition 13.51 this is independent of the choice of a. Example 11.131 shows that this 
coincides in degree 0 with the trace on Witt vectors and for n = 1 it is by (13.7.211 
the old trace for Kahler differentials, hence (i). No doubt, Tr is a map of differential 
graded modules and satisfies (v). 

Finally, the general case. Here we copy the proof of |Kn641 2.3.] almost word by 
word. So let fe C L be any finite field extension of characteristic p > 3. Then we 
find a tower of field extensions 

(3.7.3) k = ko C h C ... C km = L, 

with kjj^i/kj either separable or purely inseparable of degree p. Then we define 
Tl^L/fc — dVfci/fco ° O • • • O 

Of course, we have to show that this is independent of the choice of the kj. (Notice 
that the theorem follows, once this is proved.) Again we consider first some special 
cases. 

First case. Assume there is an a G L, with aP G k and a ^ k such that L D L' = 
k{a) is finitely separable. Then there is a primitive element b G L with L = L\b). 
Since L'{b) = L'{lf), we may assume b is separable over k. Define L" = k{b). Then 

(3-7.4) ^L'/k o ^L/v = ^^L"/k ° ^^L/L"- 

Indeed, take oj G since L" C T is purely inseparable of degree p we find 

an a G WpsDy,, with a i—> vW) under 'WpsD.y,, WpsDy. Now denote by L the 
algebraic closure of L, then 

HomL/(L,L) = {(Ti, ...,ad} Homfc(L",L), a 

defines a bijection (since L' <G L and k C L" are separable and [L : L'] = [L" : k]). 
Therefore 

Tri///fcTri/i//(a;) = ^o-j(a|5). 

j 

On the other hand Pi'^j (Tj{Lo)) under —i- WpsDy,, hence 

(EH- 

Second case. Assume L = k{a, b) with Gk, a,b ^ k and [L : k]= p^. Write 
L' = k{a) and L” = k{b). Then 

(3.7.5) Tr^/z/fc o Tr^/^." 

This follows from the definition. 


= Tr^'/fe oTr^/L'- 
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General case. If we have a tower of field extensions as in (Hmi) , we can assume 
by the first case that there is a natural number r such that the kj^i/kj are separable 
extensions for j = 0,... ,r and kj+i/kj are purely inseparable of degree p, for j = 
r + l,...,m—1. Since (iv) holds for separable extensions, we are reduced to k C L 
purely inseparable of degree p™. We make induction over m. For m = 1 there is 
nothing to prove. Now assume we have two towers of field extensions 

k = ko C ki C ... C km = L, 

k = ko C ki C ... C km = L, 

with ki+i/ki (resp. ki^i/ki) purely inseparable of degree p. Write ki = k{a) and 
ki = k{h). We may assume [fc(a, 6) : k] = p'^, else ki = ki and we are done by 
induction. Now take any tower 

k{a, b) C k^ C ... C k'm = L 

and by induction 

"^^k{a,b)/ki ° '^k'g/k{a,b) O . . . O Tr— Tr^^/fci O . . . O 

and 

"^^k{a,b)/ki ° "^kyk{a,b) ° ° — '^^k2/ki ° ° "^km./km-l' 

Thus from the second case it follows 

Trfc^/fcp o ... o = Tr^^^-^^ o ... o 

and we are done. □ 


The following proposition is the formulation of proposition EH (v) for the de 
Rham-Witt complex, whose technical appearance is due to the fact that we defined 
the trace only for field extensions. 


3.8. Proposition. Let S be finite truncation set and E,L D k finite field extensions. 
Write E L = where the Ai’s are local artinian rings with residue field 

{Ai)md = Li length li = Ij^fiAi). We denote by ai : E ^ Li the natural 
inclusion. Then the following square is commutative 


Ws^l 


Iliho-i 


Tr 


E/k 


WsLll 


-^Wsnl 


The following lemma will be useful in the proof of the proposition. 

3.9. Lemma. Let k be a field of characteristic p, L D k a field extension. 

(i) If E D k is a finite separable field extension, then there are finite field 
extensions Li D L such that we have an isomorphism of L-algebras 

E®kL^WLi. 

i 

(ii) If E D k is purely inseparable, then E (g)^. L is local artinian. 

(iii) Let A and B be two local artinian k-algebras such that A^^B is again local 

artinian. Then {A Bmd)red = B)r-ed and 

Ia®b{A ® B) = lA^Bredi^ ® Bred)lB{B). 
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Proof, (i) follows from |Bo901 V,§6, No. 7, Prop. 5, Thm. 4] and (ii) from |Bo9n[ 
V, Exercises §14, 11)]. The first statement in (iii) is a special case of |E(1A II I,§4, 
Cor.(4.5.12)]. Eor the second statement we notice that B —> A B is a flat and 
local homomorphism and then |Fn84l Lemma A.4.1.] gives the assertion. □ 

Proof of Provosition 1,7. We have to consider several cases. 

First case: E D k is separable. We have B 0 L = ]]][■ Bj and k = 1 ('bv Kl.hL fiB. 
Hence the statement follows from the definition of the trace and proposition irni 
(vi) and (v). 

Second case: E D k is purely inseparable of degree p. Now E^^L is local artinian 
(by EH (ii)) and (B 0^ B)red = Li- Hence we have to show that 


TfB/fc 


Tr^i/i 

- yWs^l 


commutes. Write B = k[x]/{xP — a), a G k\kP. If a G then Li = L and li = p. 
Thus the statement follows from theorem 1 . 4.71 (iii). If a ^ L^, then B 0^ L = Li = 
L[x\/{x^ — a) and h = I and we may argue again with 1 , 4.71 (iii). 

Third case: E G) k is purely inseparable of degree p®. By induction over s. The 
induction step remains to be checked. Write E D E' D k with E D E' (resp. E' D k) 
purely inseparable of degree p (resp. p*“^). Now bv 1 , 4.91 (ii) and (iii) 

= ^EiSiEiiE'^kEvedi^ (B' 0fc B)red)^£;'®fcI,(B' 0fc L). 

Then the assertion follows from the induction hypothesis and the transitivity of the 
trace. 

General case: E D k finite field extension. Write E D E' D k with E D E' purely 
inseparable and E' D k separable and apply the second and the third case, together 
with the transitivity of the trace. □ 


Since we want to prove a residue theorem, we need a residue. Now we define a 
residue on the de Rham-Witt complex over the ring of Laurent series over a ^(p)- 
algebra, generalizing the residue on Kahler differentials. 


3.10. Proposition. Let p be an odd prime, S a finite truncation set and A a 
algebra. Denote by A{{t)) the ring of Laurent series over A. Then there is aWs{A)- 
linear map 


Ress = Res : ^ Ws(A), 


satisfying the following properties 

(i) gh^ o Res 5 = Res o Gh^, for all s € S, where the latter Res is the usual 
residue on (of course here we mean by Gh^ the composition of 

Ghs with the natural map ^A{{t))/A-) 


(ii) 


(iii) 

(iv) 


Res(V.([aB])dV™([6T])) = + ^n = 0 

I 0 else, 

where a, 6 G A, i, j G Z, n, m G N, c = {m,n) and sgn(i) = i/\i\, fori 0, 
sgn(O) = 0. 

Res is a natural transformation in A. 

If u G A[[t]]^ and r = tu, then A{{t)) = A((r)) and Res^ = Res^ . 
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(v) Ifuj€ or € then Res(a;) = 0. 

(vi) Res commutes with Vn, and restriction. 

Before we start with the proof of this proposition, we need the following Lemma. 

3.11. Lemma. In the situation of \S.l(A the infinite sums r & Z 

and Oj G A, are well defined elements inWs{A({t))) and every w G Ws{A{{t))) can 
he uniquely written 

OO 

W — ^ ^ Vn ( ^ ^ ) 5 ^rij £ 

rigs' j»—QO 

where j » —oo means, only finitely many negative j’s. 

Proof. It is enough to check the first statement for A = Z(p)[xi,...], but if it is true 
for its quotient field, its true for A, thus we may assume A to be a Q-algebra. So we 
are reduced to show that gh 5 (X]j=r[®j] [^'^]) converges for n —> oo and all s G S. But 
this is obvious (since gh^([a]) = a^). Now take w = {ws)ses G Write 

So = min{s G S'| rcs / 0} and Wsq = ^ ^((^))- Then define an operator 

ip by ip{w) = w — VsQ(^^>^[aj][t-^]). Now the lemma follows from the observation 
that there is a natural number N with ip^ {w) = 0. (Indeed, we may assume A is 
without Z-torsion and then by the definition of sq and p we have gh^((/?(u))) = 0 for 
all s < So + 1. Thus such a N exists, since S is finite .) □ 

Proof of Provo.sition l,V. 1 (\ We define a map 

Res : Ws{A{{t))) x Ws{A{{t))) —^ Ws(i4) 
by 

(3.11.1) Res('j;v4 M[iF),j;V^( [brmW)) = 

^n£S j»—oo m£S i»—oo ^ 

in-\-jm=0 

Notice that the sum is finite. Now we claim 


(3.11.2) gh^(Res(Q;, /9)) = Res(Ghs(ad/3)), all s G S 

where a,P G Ws{A{{t))), adfi G ^S^\(^(^t)) the Res on the right is the residue 
on QF((t))/^- We may assume a = Vri([a][t]-^) and /? = Vm([&][t]*) and we write 
c = (m,n). If mj + ni / 0, then Res(a,/3) = 0, if mj + in = 0, then by property 
O (i) 


ghs{Res{a, fi)) = gh^(sgn(f)(i, j)Vm„/c([a]™/‘'[6]'^/‘')) 


sgn(z)(i,j)^(o*/"6"/”^) if 
0 el; 


If ^ /fs, then Ghs{adP) is zero by definition, else 

Ghsiadfi) = G n\^t))/A- 


Therefore 


Res (Ghs (ad/3)) 


nia^l'^Vl'^ if mj + nz = 0 
0 else. 
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Now the claim follows, since in = sgn(z)(i, j)^, if jm + in = 0. It follows that Res 
induces a well defined map on denoted by Res again. Indeed, 

is a quotient of W 5 (^((t))) x W5(74((t))) (recall that /{a®bc—ab®c—ac®h) 

via a ®b ^ adb is an isomorphism for any ring B), thus we have to show that 
Res vanishes on the kernel of the quotient map. Again it is enough to consider the 
case where A has no Z-torsion, but then the vanishing follows immediately from the 
claim, since Gh is well defined on The other statements of proposition 

IrTnl follow with the same reasoning and the corresponding properties of the usual 
residue on • 

□ 

3.12. Remark. 13. 101 (i) shows that the composition Ws{A{{t))) x A{{t))^ 

W 5 (A), where the first map is given by {w,a) e-> r(;(i[a]/[a], is the 
residue symbol defined by Witt in |Wi361 2. Der Residuenvektor (a,/3)]. See also 
[AnRoO^ 4.3.4.] for a definition of Witts residue symbol using the Contou-Carrere 
symbol. 

3.13. Remark. It follows from (jd.Il.ll) that the map Res ; ^ W„(A) 

factors through the relative p-typical de Rham-Witt complex j\- 

The following lemma will be essential for the residue theorem. It is a generalization 
of lemma 5 in chapter II of [Se88j . See also the proof of [Ku861 17.6. Theorem]. 

3.14. Lemma. Let p be an odd prime, S a finite truncation set, A a algebra 
and B an A-algebra, which is a free A-module of finite rank r. Take z = t^ + 

G A({t)) with e > 1. Then B{(t)) is a free A{(z))-module of rank re and 
for (3 G Ws{B{{t))) and a G W 5 (A(( 2 ;))) we have 

(3.14.1) Tr^/^(ResB(( 4 )) (fida)) = Res^((;,)) {TrB{(t))/Ai(z)) if3)da) G Ws(A). 

Proof. Only the second statement must be proved. We observe that by lemma 11^.111 
it is enough to prove (13.14.11) for 

(3 = Vn([6T]) and a = Ym{[az^]), 

with b (z B, a € A and i,j G Z. By the same argument as in the proof of (ii) of 
proposition im and using that Res is a natural transformation, we may assume 
A to be Z-torsion free. But then A sits injective in A Q, which extends to the 
level of Witt vectors and by base change for the trace (see proposition (v)) we 
are reduced to the case, where A and B are Q-algebras. Now write z = Pu with 
u = 1 + Oe+it + . .. G 1 + tA[[t]]. Then there is a u G 1 + tA[[t]] with = u (namely 
V = exp(l/elog(u))). By proposition 13.101 (iv), we may replace t by tv, and thus 
assume = z. Now it is time for calculations. We have 

ysj& .r a 

0 else. 

Now write c = (m,n), if ^ /s, then ghg(Res5^2(Tr(/3)da)) is zero, else 
gh^(Res5,^(Tr5(/3)da)) = ReS;,(^ngh^/„(Tr^((4))/^((^))^5([t]*)Trs/^^5([6]))a^/"*"^(2;^)^/”^ 
By (I3.14.2|) this is zero, if e fy, else this is equal to 
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All in all we obtain 
(3.14.3) 

gh^(Ress,^(TrB((i))/^((^))_s(/3)da)) 


if ^\s and im + jne = 0 
0 else 


and it is easy to check that this coincides with gh^^Tr^/^ 5(Res5'^t(/3(ia))y Hence 
the assertion. 

□ 


We recall the notion of absolute and relative Frobenius, see for example [EsVi921 
§9]. 

3.15. Definition. Let /c be a field of characteristic exponent p (i.e if the characteristic 
of k is 0, then p = \ else p equals the characteristic of k) and X a /c-scheme of finite 
type. Then the absolute Frobenius Fjv on X is defined to be the identity on the 
topological space of X and the p-th power on the structure sheaf, that is 

F^:Ox^ Ox, a ^ aF 

We write X^p') = X Speck, then we have a commutative diagram 


X 



-^X 

Spec k, 


where pr^ is the projection map and F is the unique map, which satisfies Fopr;^ = Fx. 
We call F the relative Frobenius or just Frobenius. We define X^pO via x(p") = 
(XP" )(p) and the composition of the iterated relative Frobenius 

X X^^^ ^ ... _> X^^"^ 


will be denoted by 


F^ : X 


x(p"). 


(Notice, that this notation coincides with the n-th Frobenius on the p-typical de 
Rham-Witt complex, but it should be clear from the context whom of these two we 
are talking about.) 


3.16. Lemma. Let k be a field of characteristic exponent p > 1 and X a scheme of 
finite type over k. Let P G X be a closed point and denote by k{P) the residue field of 
P. Then there is a natural number N such that for alln > N, /c(F”(P)) = k{F^(P)) 
is the relative separable closure of k in k{P). 

Proof. It follows from the definition of the relative Frobenius that k(F^(P)) is the 
compositum of k with the p^'-th power of k{P), i.e. k{F'^{P)) = k[k{P)P"). But the 
chain k{P) D k(F{P)) D fc(F^(P)) D ... D k becomes stationary, since [k{P) : k] is 
finite and hence the assertion. □ 


3.17. Lemma. Let C be a smooth projective curve with function field K. For j > 1 
let F^ ■. C ^ C^P^I be the relative Frobenius and Kj the function field of Then 

for all closed points P € C 


p> = [K : Kj] = epfp, 









40 


KAY RULLING 


where ep is the ramification index, i.e. ep = vp{z) with z € f 3 (p) ® ^ocal 

parameter in F^{P), and fp = [k{P) : k{F^{P))]. 

Proof. The first equation, = [K : Kj], is |Si921 Proposition 2.11, (c)] and [K : 
Kj] = epfp is a special case of |Se68[ I,§4, Proposition 10]. □ 

3.18. Definition-Proposition (cf. |Ki]86| . 17.4.). Let S' be a finite truncation set, 
k a field with characteristic exponent p> 1, C a smooth projective curve over k with 
function field K = k{C) and P G C a closed point. Let n be a natural number such 
that k(F^{P)) is the relative separable closure of k in k{P) (such an n exists by the 
lemma). We write Pn := F”(P) G Kn = k{Pn) and iL„ = k{C^P"'^) = k{KP"). 

Finally we denote by the completion of in Now the choice of a local 
parameter t in P„ identifies Kn — Kn{{t)) (this is an isomorphism over k, since 
Kn D k is separable) and we have a natural inclusion t : Kn ^ Kn{{t)). Take 
io G WsFl]^, then we define the residue of uj in P to be 

(3.18.1) Ress,p(a;) = Resp(w) = Tr^^/fc(^Rest,s(t(Tr;^/j^^(a;)))) G Ws(A;), 

where the Res^^^ on the right hand side, is the residue on Wsfl], from proposition 
Eni The residue is well defined, i.e. independent from the choice of the local 
parameter t and the number re. 

Proof. The independence of the choice of the local parameter follows from propo¬ 
sition mni (iv). Thus it remains to check the independence of the choice of re. 
Therefore it is enough to show that nothing changes, if we replace re by re -|- 1. By 
the choice of re, we have Kn = Kn+i =■ k and Kn+i = k{Kn) C Kn is purely insepa¬ 
rable of degree p (lemmaIf f is a local parameter in Pn, z = t^ is one in Pn+i 
(by lemma l3.17|) . Thus our situation is 

Kn^^^Km 

Kn+I^^K^Z)) 

and we want to show 

(3.18.2) Rest(tn(Tr^/A-„(w))) = Res^(t„+i(Tr^/^^_^j(w))). 

It follows easily from theorem 13.71 (hi), that in 

^n + l O ^Kn/Kn+l ~ '^K(h))/'^((2)) ° 

Together with Tr^/^^^^ = o Tr^/^^, we see that it is enough to prove 

(3.18.3) Rest(a) = Res 2 (Tr^((t))/«,(( 2 )) (a)), for a G 
Furthermore, we may assume by lemma 13. Ill 

a = \m{[af\)dKn{m, 

with n,m S, i, j (z and a,b (z k. Then we consider the following cases. 

First case: n = m = 1. Thus 


a = j[ahfi+^-^\d[t\ + [afi+^\d[h\, 
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we denote the first summand by a' . If we write i + j — 1 = pi + r with I G Z and 
0 < r < p — 1, we have 

a' = j[abz^] [t'’]d[t] 

and calculating the trace as in (lh.7.2j) we obtain 


Tr(a') 


^[abz^]dYp{[zY+^) 

j[abz^]d[z] 


Thus by proposition IXTUl (ii) 


if r < p — 1 
if r = p — 1. 


ReSz(Tr(Q!)) 


Res^(Tr(a')) 


' ^{l,r + l)p[ab] 
< j[ab] 

0 

\ 


\j[ab] iii+j = 0 
10 else 
Rest (a). 


ifp/ + r + l = 0, r<p—1 
if/ + l = 0, r=p — 1 
else 


Second case: n = l,m arbitrary. Then a = ^'>])d[t]+Yrn{[a][t^^^^])d[b]. 

Again we denote the first summand by a', thus 

a' = YUj[abnW+^^~Mt])- 


Now both, Rest and Res^, only see a', but since they commute with Vm we are done 
by the first case. 

Third case: p /n and m arbitrary. Write c = (m,n}. Then 

a = V„([a][f])lV„(l)<iV„([6]|i>]) = V4V„/,(i|a|'‘/"|*‘"'''l)<i([i>l[<'’D) 

and we are done by the second case. 

Fourth case: n arbitrary and p /fm. Here we write 

a = d(V^([a][f])V„([6][t^])) - Yn{[bW])dYm{[a][f]) 

and since Tr commutes with d and Res o d = 0, the result follows from the third 
case. 

Fifth case: m, n arbitrary. Write c = (m, n), r = Vp{c) and m' = m/p^, n' = njp^, 
then 

a = \pr{\^,{[amd\n'{[hW])) 

and the assertion follows either from the third or the fourth case. □ 


3.19. Remark. In the situation of rmi we have 

Resp(a;) = Resp„(Trp'/p'^(a;)), for all n G N. 

(This holds by definition for n sufficiently large and follows else from Tr^-zp-^ = 

3.20. Remark. Still in the situation of 13.181 If u; G in P G C 

(i.e. uj is in the image of the natural map Ws^q^ ^ then Resp(a;) = 0. 

(This follows from 13.101 (v) and the fact that the trace map Tr^/Kn restricts by 
construction to a map Tr : Ws^q^ ^ „ .) 

The following proposition is a generalization of the trace formula for residues on 
Kahler differentials, see |Ku861 17.6.] or |Se88[ II, Lemma 4.]. 
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3.21. Proposition. Let S be a finite truncation set and f : C —> C he a separable 
dominant morphism of smooth projective curves over a field k. Denote by K (resp. 
K') the function field of C (resp. C). Let P & C be a closed point and uj G WsLl]^. 
Then 

^ ResQ(w) = Resp(Tr^/i^/(a;)). 

Qh^P 


Proof. First we assume that the residue helds of P and the Q’s mapping to P are 
separable over the ground held k. We denote by Kq (resp. K'p) the completion of 
K (resp. K') in Q (resp. P). Since K is separable over K', we see from |Bo89j . 
chapter VI, §8, No.2, corollary 2, that we have an isomorphism 


K'p K —> n i<Q. 

Q^P 


(e/, e/,...). 


Thus 


WsiK'p ®K' = n ^s{Kq). 

Qh^P 


Since = WsiK) ®Ws{K') we may write uj = xdy with x G Ws^K) 

and y G Ws{K'). Identifying the elements of W 5 (Rr) (resp. WsiK')) with their 
images in WsiK'p ®k’ K) (resp. Ws{K'p)) and writing xq for the image of x in 
WsiKq), we obtain in Ws{K'p) 


Tvk/k,{x) = ^ TV^^/^,^(xq). 

Q^P 


Thus we have to show 


(3.21.1) HesqixQdyp) = Kespi(Tx^^^^,^{xq)dyp). 

Now let t be a local parameter in Q and z a parameter in P, since we assumed k{Q) 
and k{P) to be separable over k, we may identify 

K'p = k{P){{z)) and Kq = k{Q){{t)). 

Furthermore, we may write z = P + '^i^gCLiP, with e = vq{z). But then (13.21.11) 
follows from lemma 13.141 and dehnition (|3.18.1|) . 

Now in general we choose n sufficiently large such that k(F'^{Q)) and A:(F"'(P)) 
are separable over k, for all Q i—> P. Then applying the case above to ^ 

and by remark [3.191 we obtain (with the notation of 13.1811 

^ ResQ(a;) = ^ ResQ„ (Trp:/p:^(w)) = Resp„ (Trp-^/;^/^Trp-/p-^(a;)) 

Q^P Q^P 

= Resp„ (Trp'//p'/^Trp'/p'/(a;)) = RespTrp'/p'/(a;) 
and we are done. □ 


Now we can prove the residue theorem for the de Rham-Witt complex in degree 
one. This generalizes the classical residue theorem for Kahler differentials on curves. 
Our proof is the classical one (with some adjustments), see II, Proposition 

6] or |Ku861 17.7.]. Witt also stated such a theorem for his residue symbol on 
WsiK) X K^, where K is the function held of a curve, see |Wi36l 9. Analogon zum 
Residuensatz]. Anderson and Romo give in [AnRoD^ 4.3.6.] a different proof of 
this, by hrst dehning the residue symbol via the Contou-Carrere symbol and then 
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using a general reciprocity law for the Contou-Carrere symbol, which they prove by 
methods, similar to the one of Tate in |Ta68j . 

3.22. Theorem. Let S be a finite truncation set, k a field and C a smooth projective 
curve over k with function field K. Then 

Resp(a;) = 0, for all u) G 

Pec 

(Notice, that Resp(cu) = 0, if uj G thus the sum is finite.) 

Proof. Since C is smooth over k, there exists an element x € K such that k(x) C K 
is separable and finite. Thus x defines a separable dominant morphism C —> P], and 
by proposition 13.211 we are reduced to (7 = P^. Furthermore, we may assume that 
the points P G P^ with Resp(a;) 0 are etale over Spec/c, since by remark ^.RU and 
with the notations of EH 

^ Resp(w) = ^ Resp„(Tri^/if„(a;)), for all n G N. 

Pec Pnec(p") 

Denote by k the algebraic closure of k. Then the pull-back of a closed point P 
which is etale over k under Pl —> P^ decomposes into finitely many fe-rational points 
without multiplicities, i.e. k{P)®kk = k. Thus we obtain a commutative diagram 

n. n. Ws(i) Ws(t). 

Therefore, if uj' is the image of uj under and YhiQi 

pull-back of P under Pl ^ P^, then 

Resp(a;) = Resg. {J) in W 5 (fe), 

i 

hence we may assume k to be algebraically closed. Now we need a small lemma. 

3.23. Lemma. Let k he an algebraically closed field, then any w G Ws{k{x)) may 
he uniquely written in the following way 

^ ~ ^ [(s-cL)’’™ 0 ’ 

neS j>0 i 

where all sums are finite and ain, hn, Cin G k and > 1. 

Proof of the lemma. It is known that the elements 

x^, for j > 0, and for a G /c, r > 1 

form a fe-basis of k{x). Now the rest of the proof works exactly as in lemma. H.1 1 L □ 

It follows from the lemma and nronosition l2.1 hi that we have to prove the theorem 
only for the following two types of differentials, 

= Nn{[a][xy)dym{[b][xy), with a,b ^ k,i,j >0 
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and 

W 2 = ^n{jJ^)d'Vm{[b][xY), with a,b,c€k,i>0,r>l. 

Obviously, Resp(a;i) = 0 for all P G P], \ { 00 } and in P = 00 the element t = 1/x is 
a local parameter, thus by proposition Id.lOL (ii) 

Resoo(a;i) = Rest(V„([a][t]-^)dV™([6][t]-')) = 0. 

Now UJ 2 - Denote by p the characteristic of k and write A = Z(p)[2;a, Zh, Zc\. We have 
a map (p : A —> k sending Za (resp. Zh, Zc) to a (resp. b, c). The only points with 
non vanishing residue are P = c and 00 . We have t = x — c is a local parameter in 
P = c and 

52,P = yn{^j^)dYm{[zb][t + Z^Y) G W 

is a lifting of i 02 ,p G in particular Resp(a; 2 ) = ip(Rest{dj 2 ,p))- It follows 

from the definition of Res that gh^(Res(a; 2 ,p)) = 0 if m /s or n /s, else 


(3.23.1) gh,(Res(w 2 ,p)) = + ZcY^/'^-^dt) 


—1\ s/n s/m 5(m—'rm)/(nm) 

. m ^ ^ 


m[^_Yza zp Zc 


if n,m|s,^ < ^ 

’ I ’ n — m 

else 


In P = 00 we have that t = 1/x is a local parameter and 

^ 2,00 = yni^^)dv^{[zb][tr) e 

is a lifting of uJ 2 ,oo £ ™ particular ReSoo(t^ 2 ) = </2(IIest(52,oo))- Again, 

ghg(Res(a; 2 ,oo)) = 0, if m /s or n /s and else 

gh,(Res(ih 2 ,oo)) = + Zct + z^,Y + .. ). 

But the coefficient of P in (1 + Zct + z‘^t‘^ + .. is 


zi#{I G No"/” with |/ 



Thus we obtain 
(3.23.2) 


gh^(Res(a;2,oo)) 


—in( 


rs 

n 


0 


+ —— — —1\ s/n s/m s(in—rm)/(nm) 

m n i y ‘ 'y ' y ^ ''''' ^ 

LI —I )'^b 


if m, n|s, ^ < 
else. 


All together we see 

gh 5 (Res(a; 2 ,c)) + gIis(Res(ti32,oo)) = 0, for all s G 5 
and since A has no Z-torsion, we obtain 


0 = (/?(Res(t<;2,c) + Res(a;2,oo)) = ^ Resp(a;2) 


PePi 


and we are done. 


□ 


Next we want to define a residue in higher degrees, cf. |B]Esn3h| . (6.14). 
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3.24. Remark. We recall the definition of the residue on 

ring A. Take uj G Then we can write ui uniquely in the following way 


m 




i=l 


+ <^0) 


with Pi € Wo £ (^A[[i]] ^((^)) ^a) m € N. Then the residue in w is 

defined to be 

Res'^(w) = Pi- 

We obtain a map Res*^ : which satisfies 

(i) Res*^ is ff^^-linear, i.e. Res'^(Q:u;) = aRes'^“*(w), for a G and w G 

(ii) Res*^ is a natural transformation in A. 

(iii) Res*^ o d = do Res'^“^. 

(iv) If tt G (^[[t]])^ and vr = tu, then A{{t)) = j4((7r)) and Res^ = Res^. 

(v) Res'^w = 0, for w G ^aM] or w G 

(vi) Take /3,7 G and a, = with Ui G (^[[t]])^, rrii G Z, for i = 

1,... ,q. Then 




and 


. 17 ) = 0 . 

(By linearity the proof of (iv) reduces to the known case q = 1, the rest is easy. 


For the construction of a residue on the de Rham-Witt complex in higher degrees 
with respect to an arbitrary Z(p)-algebra A, we need that the ghost map Gh is in¬ 
jective, if A has no p-torsion. But the injectivity only holds in the relative situation, 
(cf. MMM- Unfortunately we have no relative version of the gener¬ 
alized de Rham-Witt complex. Thus we first construct the residue in the p-typical 
situation for arbitrary Z(p)-algebras (p odd), using the relative de Rham-Witt com¬ 
plex of Langer and Zink and as a corollary we will get a residue in the absolute 
situation for A being any fc-algebra, k a field. 


3.25. Proposition. Let p be an odd prime, g, n G N and A a algebra. Then 
there is a map 


R<,, = Res» ; 




which we will call the (p-typical) residue map, satisfying the following properties 

(i) For all i G No, 

Ghpi o Res^ = Res'^ o Ghpi, 

where the latter Res'^ is the one from remark \3.241 

(ii) Res”^ is WrSip-linear, i.e. Res'^(at(;) = Q;Res'^“*(t(;), for a G Wn^^, a its 

image in WnLl^A/Z(^ ) ^ ^ ' 

(iii) Res”^ is a natural transformation in A. 

(iv) Res*^ o d = do Res'^”^ and Res*^ commutes with V*, T* and restriction. 

(v) If u € (^[[t]])^ and vr = tu, then A{{t)) = ^((vr)) and Resf = Res^. 

(vi) Res'^w = 0, for uj G or w G 
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(vii) Take w € W„(A[[t]]), 7 € A[[t]] and ai = with Ui € (^[[i]])^ ? RT-i G Tj, 

for z = 1 ,..., g. T/ien 


and 


... fel f) = «-(o)feif ■ ■ ■ few 


[l + t7] [«2] ■ ■ ■ [«q] 

Proof. First assume ^4 is a Q-algebra. Then Gh is an isomorphism and we define 


Res^ = Gh-^ o ]J(Res'' o Ghpi)- 


i=0 


It follows immediately from remark l.'I.24l and the properties 12.281 that Res^ fulfills 
(i)-(vii). Now assume A = Z(p)[xi,..., Xd] or A = Z(p)[xi ,..., Xd, ■ ■ ■, and 


write B = ii. 

(3.25.1) Wr,.nl 

We claim that the composition 

factors to give a map 


A. By corollary 12.261 we have an inclusion 


WMI = 


Aum ^ ‘ 


ResVW„!!^,„„^W„Si^^^, 


which then automatically satisfies (i), (ii) and (iv)-(vii). By the injectivity of (13.25.11) 
it is enough to show that for all cu G 

(3.25.2) Res|(z(a;)) G im(W„I2^^^ W„b!|j-^). 

By lemma ri. Ill we may assume 

(3.25.3) 

00 00 00 

j0»—OO jl» — 00 jq» — QO 

and since the calculation of Res*^ on involves only finitely many terms, we 

may even assume 

with aik G A and ji G Z. That is, oj is in the image of the map 

W„(A(t)) ®w„(A[t]) ^nn'^Alt] = Wnb!^(,) ^ ^nn'^Aiit)) 

and therefore a; is a sum of products of the elements (I3.1.1I) - H3.1.4I) with elements 
from WniA{t)). But for w G Wn{A{t)) 

(3.25.4) Res|j(rca[t]-^) = 0, for a G Wn^%j G No, 


(3.25.5) Res^(t(; 6 [t]-^ = f'Res] 3 (t(;[t]-^ ^^W)) ^ ^ ^,j G N, 


Res^(u)R^(a[t]-^)) = 0, for a G Wn-s^%j S 1] 


p: 


G A 


(3.25.6) 
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(3.25.7) Res|(w;dV*(5[i]^)) = (-l)^-^dV"(6i)... dV*(6g_i)Res|5(i/;dV*(6o[i]^')), 

for b = bodbi ... dbq-i € Wn-s^A^^J S Ip, 

and since the claim is known for Res]^, it follows for all q. 

Now let A be any ring and take tv G WnI^‘^A{{t))- Write ui as in (13.25.31) and define 
ujm {m G N) by 

(3.25.8) 

mm m 

a, = V”«( ^ Ki,C|), 

jo» — 00 jl» — 00 jq» — 00 

Now for each m there is a polynomial ring [xi,..., with a ring 

homomorphism ip : Am —> A such that LOm has a lifting ujm £ ■ Then 

mi = min{m|(/9(Res j {obm)) = 'T’fReSj {I-’m+r)), all r G N} exists (by the con- 

I^m+r 

struction of Res'^ above) and we define 

It follows from (I3.25.4l) - (l3.25.7j) and the naturalness of Res^ that this map is inde¬ 
pendent of the lifting. Obviously Res^ fulfills (i)-(iv) and (vi). To prove (v) and 
(vii) we must be able to lift units u G But by definition of Res^ the state¬ 
ments depend only on a finite part of u. Thus we may assume u = with 

Oj G ao G A^ . If we now consider the map A = Z(p) [xq, xi, ..., Xm] —>• A, 

Xi I—> ai, then u = ^ (^[W])^ ^i^s u. Being able to lift u to (^[[t]])^ the 

statements (v) and (vii) follow from the first case and we are done. □ 


3.26. Corollary. Let k be a field of characteristic p ^ 2, S a finite truncation set, 
q G N and A a k-algebra. Then there is a map 

Res|^ = Res" : ^ W50"-\ 


which we will call the residue map, satisfying the following properties 

(i) For all s € S, 

Ghs o Res| = Res" o Gh^, 

where the latter Res" is the one from remark 13.241 

(ii) Res" is WsLlfi-linear, i.e. Res"(at(;) = aRes"“*(^); foi" a £ and 

(iii) Res" is a natural transformation in A. 

(iv) Res" o d = do Res"“^ and Res" commutes with V„, Fn and restriction. 

(v) If u & (^[M])^ o,nd TT = tu, then A{{t)) = ^((vr)) and Res" = Res" . 

(vi) Res"u; = 0, for lo G or o; G 

(vii) Take w G W 5 (j 4 [[t]]), 7 G ^[[t]] and ai = i^^Ui, with Ui G (^[[t]])^, m-j G Z, 
for i = 1,..., q. Then 


Res" (to 


tI[Ql] d[aq-i] d[t] 

l«il ■ ■ ■ K-iJ TT 


) = u;(0) 


d[ui (0)] 

hi(o)J ■ ■ ■ K-i(o)j 


Res" (in 


(i[l -|- ty] d[a2\ d[<y-q\ 

[1 _|_ [« 2 ] ■ ■ ■ [aq] 


= 0 . 


and 
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Proof. We define Res| ^ to be the composition 
(3.26.1) 




iEini 




j&Ip j&Ip j&Ip 


.mu 


WsQ^ 


-1 


and the statements follow easily from proposition 13.251 


□ 


3.27. Definition. Let S' be a finite truncation set, q k a field with characteristic 

exponent p ^ 2, C a smooth projective curve over k with function field K = k{C) and 
P € C a closed point. Let n be a natural number such that /c(F"'(P)) is separable 
over k. Write P„ := F”(P) G = k{Pn) and = k{C^P"')) = k{KP"). 

Finally we denote by Kn the completion of in P„. The choice of a local parameter 
t in Pn identifies Kn = K,n{{t)) and we have a natural inclusion l : Kn ^ Kn{{t)). 
Take to € Ws^X’ then we define the residue of oj in P to be 

(3.27.1) Res| p(a;) = Res|,(w) = Tr^^/fc (^Res|^^(i(Tr^/^^(a;)))) G 

where the Res^ ^ on the right hand side, is the residue on from proposition 

13.261 By 13.261 (v), Res|p is independent of the choice of the local parameter t. To 
show that it is independent of the choice of n, one reduces it, in the same way as it 
was done in the proof of l3.18[ to 

Resf(a) = Res^(Tr«,((i))/^((^))(a)), for a G 

with K = Kn = Kn+i and z = fP. But this follows form (I3.25.4|) - (I3.25.7I) and the 
corresponding property of Res^. 

3.28. Remark. In the situation ofESZl we have 

Resp(a;) = ReSp^(Trj^/^^(ix;)), for all n G N. 

3.29. Remark. In the situation of I3.27L we have Resp(a;) = 0, if a; G Ws^x 
regular in P G C (cf. remark [3.2011 . 

3.30. Corollary (cf. [BlEs03b] . (6.14)). Let S be a finite truncation set, q €N, k 
a field of characteristic 2 and C a smooth projective curve over k with function 
field K. Then 

Resp(a;) = 0, for all to G 

Pec 

Proof. It is enough to consider the p-typical case. Let x be a separating transcen¬ 
dence basis of K over k. Then we have Wn^% = Wn{K) (8)w„(fc[a;]) 
the statement follows with the same reasoning as in (I3.25.4I) - (I3.25.7I1 and theorem 

□ 
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4. Additive cubical Chow groups with higher modulus 

In this section we will define the additive cubical higher Chow groups for fields on 
the level of zero cycles with modulus [m + 1), as it was done by Bloch and Esnault 
in jBlEs03bl Section 6.] (there for m = 1). We will prove our main theorem that 
the additive Chow groups with modulus {m + 1) over an arbitrary field k of charac¬ 
teristic 7 ^ 2 are isomorphic to the de Rham-Witt complex of length m over k. This 
generalizes |B1Esn3bl Theorem 6.4.], where the statement was proven for m = 1. 
The proof is as follows: First we construct a map from the additive Chow groups to 
the de Rham-Witt complex. That the map is well defined follows essentially from 
the residue theorem of the previous section. This is just a generalization of the argu¬ 
ments in |BlEsn.3b| . Then we equip the additive Chow groups with the structure of 
a restricted Witt complex to obtain an inverse map. To verify that the constructed 
maps satisfy the relations, which the multiplication, the differential, the Frobenius 
and the Verschiebung should satisfy in a restricted Witt complex, we use a result 
of Nesterenko-Suslin and Totaro, which identifies Bloch’s higher Chow groups of a 
field on the level of zero cycles with the Milnor iT-theory, see |NeSu89j and |To92j . 

We will use the dehnitions and conventions from appendix A, without mention¬ 
ing it explicitly. 

In the following k is always assumed to be a held of characteristic p ^ 2. 

We write 

Xn,k = Xn = Gm,k Xfc (Tfc \ {!})"', with coordinates {x,yi,.. .,yn)- 

For j = 0, oo, we denote by FR = F- C Xn the face given by yt = j. Furthermore 
we dehne the divisors Fn^ = Fq C x (P^)”' = Xn by a: = 0 and FF = F/ C Xn 
hy yi = 1. The boundary maps 

di : 1i{Xn) —> Zo(A'„-i) z = 1,... ,n, j = 0, cx) 
are given by the composition of the intersection map Zi(A„) ^ Zo(FF), a i—> F/.a 
with the canonical isomorphism Zo(F^ J = Zo(A„_i). Furthermore we denote 


Yn = 


j=0,oo 


2 = 1 


U F^ = [jGmx({F^\{l}y 'x{0,oo}x(pi\{l}) 


Finally we dehne for any m € N 

1 d[yi] 


(4.0.1) 


'4’n,m — lAn — 


d[yn 




W [yi] [Vn 

If C C Xn is a curve with function held K = k{C), we denote the image of in 
by il^n and if F G Xn \ is a point, we write ipniP) for the image of 

'Ipn in 

4.1. Definition ( jBlFsOSE] . 6.). Let m > 1 be an integer. We dehne Zi(A„;m) to 
be the subgroup of Zi(A„), which is freely generated by 1-dimensional subvarieties 
C C Xn, C (^Yn satisfying the following properties 

(a) {Good position) dj [C] G Zo(A'„-i \ Yn-i), for i = 1,..., n, j = 0, oo. 
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(b) {Modulus {m + 1) condition) If : C —> x is the normalization of 

the compactification of C, then 


(4.1.1) 


{m + l)[iy*Fo]<Y^[iy*Fl] in Zo(C). 


2 = 1 


We have a map d = - d°°) : Zi(X„; m) Zo(X„_i \ Yn-i) and we 

define 

rpyrn/; \ —1 \ —]^) 

TH {k,n]m) = -^—. 

dZi{Xn-,m) 

We call these groups additive cubical higher Chow groups of k of level n, codimension 
n and modulus (m + 1). 

For m' < m we have Zi(W„;m) C Zi(X„;m'), hence we naturally obtain a pro¬ 
jective system 

(4.1.2) ((TH”(A:, n; m))^^^, R : TH”(A:, n; m + 1) ^ TH"(/s, n; m)). 


4.2. Remark. The condition 14.1 .ll can be spelled out explicitly as 

n 

(m + l)vp{u*x) < ^ vp{i'*yi — 1), for all P G ({0} x (P^)""), 
2 = 1 

with vp the discrete valuation of p. 


4.3. Proposition. Let C C be a curve with [C] G Zi(X„;m), K = k{C) its 
funetion field and : C —> P^ x (P^)” be the normalization of the compaetification. 
Then i'*'il>n £ has only poles in 

n 

S := IJ X (P^ \ {0,1, oo})*"^ X {0, oo} x (P^ \ {0,1, oo})”“*) C C. 

2=1 


Before we start with the proof of the proposition, we need a little lemma. 


4.4. Lemma. Let S be a finite truncation set. Then for alln € S there are fn G Z[x] 
such that 

[1 + X] = [1] + ^ Yn{[xfn{x)]) G W 5 (Z[x]). 
n£S 

Proof. We do induction over S. If S' = {1}, we have [1 + x] = [1] + [x] and we are 
done. Now take any finite S and write r = max S' for the greatest number in S'. 
Then, by induction hypothesis, there are fn G Z[x], for n G S'\{r}, and a polynomial 
5 G Z[x] such that 

|1 + i] - ([1] + ^ V„([1-/„(I)])) = V,(|9l). 

n£S 

Applying gh^, we obtain 

rg={l+x)^-il + J2n{xfnix))^h- 

n\r 

n<r 

Now the right hand side is divisible by x, hence g too and this gives the assertion. □ 

Proof of Proposition U C\ A priori h'*ipn may have poles only in ^(x = 0) and 
v~^{yi = 0, oo), i = 1,..., n. Now we have to show 
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(a) has no poles in = 0). 

(b) If has a pole in P G = 0, oo), for some i, then P ^ = 

0,1, oo). 

We will see that (a) holds because C satisfies the modulus (m + 1) condition and 
(b) since C is in good position. 

We begin with the proof of (a). Take P G = 0) and let t G p be a local 

parameter in P. The modulus condition tells us in particular that there is at least 
one io with P G = !)• Thus we may assume 

r n 

P G Pi = 1) and P ^ U u ^{yi = 1), for some r with 1 < r < n. 

i=l 2=r+l 

Hence we can write 

i'*x = t°‘v, i>*yi = 1 + for i = 1,..., r, = PWj, for i = r + 1,... , n, 

with V, Ui G O- , a, > 1 and Cj G Z for i = 1,..., n, and the modulus (m + 1) 
C,P 

condition tells us 

(4.4.1) (m + l)a < bi + ... + br- 
Now we have in 

^ 1 d[l + t^^Ui] d[l + t^^Ur] dlf^^+^Ur+l] d[t^"Un] 

" [Pu] [l+t^Wi] [l + t^^Ur] [t^^+^Ur+l] 

and to show that this is regular in t = 0 amounts to show that the forms 

^d[l + &ui] ...d[l+ 

and 

■^d[l + &Ui] ...d[l + &Ur] 

are regular in t = 0. We will use the shorthand z = [t]. Then, by lemma 1^711 we can 
write 

m 

[1 + = [1] + for some Wij G WmiO^p). 

i=i 

Hence it is enough to show that the differentials 

1 rJ 2' 

—dVjj^{z’'^wi).. .dVp{z’'^Wr) — 

and 

■^dVp{z’''^wi). ..dVpiz’^^Wr), 

with Wi G WmiO^ p) and 1 < ji < ■ ■ ■ < jr ^ rn, are regular in z = 0. Now we 
claim that the differential lo = dVj^{z^^wi)... dVj^{z’^^Wr) can be written as 

(4.4.2) dVj,(z^i+-+^’'a + z^^+-+^'^-^pdz), 

with (3 G and a G • 

^C,P ^C,P 

By induction on r it is enough to show that 

r\ = dNi{z^w)dNj{z^a + z^^(3'), i < j and a',P' appropriate, 
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can be written as c[Vj{z^~^^a + We write c = {i,j) and take h,l with 

hi + Ij = c. Then by 12.5L (iv) 

FidYjiz^a' + z’^fp') = hdFi/^Yj/Pz’’a' + z^fp’) + lFq^ji^d{z^cl + z^^p') 

and since F^jPF^jc = Vj/cFj/c and Fippdzjz = Fp^dzfz)^ there are appropriate 
ao,ai, Po, Pi such that this may be written as 

<Nj/Pz^^/<^ao + z^^/^^Pn) + Y^iPz^^l^ai + z^^l^^Pi). 

Therefore r] is the sum of the differentials 

dSPz^wdN ^iPz^^l^anYz^^l^^Pn)) = -cNi{{ez^^w+z^dw)\j/Pz^^^^ao+z^^^^^Po)) 
and 

dVPz^wYj/Pz’^^/'^ai + z^^l^^Pi)). 

Both can be written in the form 

which is of the promised shape. 

Thus we are reduced to show that 

—dVov.(z^i+-+^''a + z'’i+-+^’'"^/3dz) — 
z“ z 

and 

with a, P as in 623, are regular in z = 0. Since Yj{'y)dz/z = Yj{'jdz/z), we have 

—dYj^{z’’^+-+’'^a +z’’^^-+''^~^Pdz)— = —cW,v.(z'’i+-+^"“^adz) 
z°- z z°- 

The second term is zero and the first is regular in z = 0 because jrO +1 < (m + l)a < 
bi + ... + br by 623. Without the ^-term at the end it works the same. This 
proves (a). 

Now (b). We know that C is in good position, i.e. 

Cn(G^x(pi\{l})'-i x{0, oo}x (P^{l}r-') c G^x (P^{0,1, oo}y-^x{0, oo}x (pi\{0,1, oo})"" 

Thus a point P € C \ = 0), which lies in = 0, oo) for more than 

one i, must lie in iy~^{yj = 1) for at least one j. We may assume j = 1 and 
then it is enough to show that v*pn is regular in v~^{yi = 1) H v~^{x ^ 0). Take 
P e i'~^{yi = F)f^v~^{x 0) and let t be a local parameter in P. Since v*x G 0~ , 

O 

we see that the question of regularity of v*pn in P reduces to show 

d[l + 

is regular in t = 0. By lemma it is enough to prove the regularity in z = 0 of 

dz 

dYj{z^w) — = dYj{z^~^wdz), w G p), 

which is obvious. 

□ 
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4.5. Theorem (cf. |BlEs03b] . Proposition 6.2.). Let m be a positive number. Then 
the group homomorphism 

e : Zo(X„-i \ Tn-i) ^ [P] ^ Trki^pykiMP)) 

factors to give a map (which we will call 9 again) 

9 : TH’"(A;, n;m) —> 

Proof. Let C C be a curve with [C] G Zi(X„; m). We have to show 9{d[C]) = 0 
in Denote by u : C —> x the normalization of the compactification 

of C. It follows from proposition 14.31 and remark f3.29l that Resp(u*'i/’„) = 0 for all 
P & C \ Ti. Next we want to calculate Resp(u*'0„) for P 

Take P G = 0) fl S. Choose j > 0, such that ttj = k{F^(P)) D k 

is separable and write K (resp. Kj) for the function field of C (resp. C^P'i). 
Furthermore write 

ep=/, fp=p’', 

then by lemma, l3.171 

(4.5.1) j = r + s. 

Let z he a local parameter in F'^(P) and t one in P. Then we may write 

(4.5.2) z = = P’ u, with u G 

O iT 

and 

iy*x = uo, v*yi = tij, i = 1,..., re - 1, i>*yn = Pun, 
with Ui G , i = 0,..., re and a = vp(re*y„). Therefore in W j(n-i)+ 7 -^D^ 

O ,.1 p 


^(n i)+^Resp(i/>„) = aTr«,./fcRes^Tr^/p'. (t^ '' 


[^o] [uf 
/I d[uf 

+ Tr^ ./fcReSxTrp'/p'. ( -— - j 


^K-i] d[z] \ 

[<-il W' 

d[Un-i\ d[u?t /re°] 

' ■ K-i] 


here p is the map from definition run which is, lifting to the level pm and then 
multiplication with p. By remark the second term on the right hand side is 

zero and since = Vpj(^-^), we obtain by the linearity of the trace and 

proposition 13.261 (vii) 


^{n i)+^Resp(i/*V’n) = oTr^Rfc 



[l'*x{P)P 


d[p*yiiP)P] 

[u*yi{P)P] 


d[p*yn-i{Pr] \ 

[u*yn-l{P)P] j ' 


Denoting k{P) = re, we have /p = [re : kj] = p^ and thus 

p^(”-i)+"Resp(re>„) = aTr^./fcTr^-, (pj(^-h+J-s - f 

- ^ ^ ^ V [i/*x(P)] [p*yi{P)] 


i^n-i)+rry ( 1 d[yi{v{P))] d[i/^-i(re(P))] \ 

^ ^/^\[x{u{P))] [yi(re(P))] ■" [yn-i{p{P))] ) 

= . A:(re(P))]Trfc(j,(p))/fc(^V'„_i(re(R)°)), 


d[v*yn-i{P)\ 

[v*yn-i{P)] 
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0 = 


where i^{P)n is the point ^{P) G viewed as a point in Xn-i via the canonical 
isomorphism = Xn-i. Since p is injective, we obtain in 

(4.5.3) Resp{v*'il)n) = vp(z/*yn) [k{P) : k{v{P))] 0{[v{Pf^]). 

Similarly, one shows 

Resp(p*V'n) = {-l)'^~\p{v*yi) [k{P) : k{v{P))]e{[v{Py^\), 

for all P G S n v~^{yi = j) and j = 0, oo, with v{P)l being the point P viewed as a 
point in Xn-i. Thus by corollary roni proposition oi and example mu we obtain 

^ ResQ{u*'tjjn) 

QgS 
n 

(-ir-'vQK!/.)[t(Q):fc{l-(Q))19(K(3)?]) 

*=i Qesnu-^{yi=o) 

-(-l)""VQ(p*yi) [fc(g) : A:(p(Q))]6'([p(Q)“]) 

QGEnu-^{yi=oo) 
n 

E (-l)'orfpto.)9{lf;“|)) - (-l)‘(-ordp(!,i))«(|Fri) 

i=i p^cn{yi=0) Pecn(j/i=oo) 

n 

(-1)” 5;{-1)-«(8?[C] - 8“[C]) = {-1)”«{8[C]) 


2=1 


□ 


and this proves the theorem. 

4.6. Corollary. The map 

(4.6.1) e : TR\k, 1; m) W^(fc), [P] ^ Tr^ipykij^) 

is an isomorphism of groups. (Notice that the brackets [ ] on the left denote a cycle 
class, whereas on the right the Teichmuller lift.) 

Proof. First we observe that we can represent every cycle class ^ G TH^(/c, l;m) by 
a principal divisor 

(4.6.2) ( = div(/) - div( 5 r), /, 5 G {k^ + xk[x]). 

(By abuse of notation we write div(/) for the residue class of the divisor of f in 
TH^(A:, 1; S).) Now we claim 


(4.6.3) 


0 (div(/) - div(< 7 )) = wi^) - wi^), 


/(O)^ 9(0) 

where w(j^) is the Witt vector coming from G (^ Isee ll.lOl) . 
Obviously it is enough to check 

0(div(l — xh{x)) = t(;(l — Th{T)), 

for h = ^ k[x], such that 1 — xh{x) G k\x\ is irreducible. Then div(l — 

xh{x)) = P G Gm is a point with residue field k{P) = k[x, ^]/(l — xh{x)). Denoting 
the residue class of x in k{P) by a, we have 

^([P]) = Tvk(p)/k{-X) = Trfc(p)/fc([/i(a)]) = u;(Nmfc(p)[[p]]/fc[[p]](l - T/i(a))). 
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Now the matrix of 1 — Th{a) in the basis 1, a,..., is 


/ 1-aoT -T 0 0 0 \ 

-aiT 1 -T 0 0 

-aaT 0 1 ■••0 0 


-ttn-lT 0 0 

\ -anT 0 0 


1 -T 
0 1 / 


By induction over n (Laplace expansion with respect to the last column) we see 

det Mn = 1 — Th{T). 

This proves the claim (14. h., ‘111 . It follows immediately that 9 is surjective. Thus it 
remains to check the injectivity of 6. Take ^ € TH^(/c, l;m) with 9{^) = 0. Write 

i = div/ - div 5 , /, 5 G (1 + xk[x\), with (/, g) = 1. 

Then by (|4.6.hB we have 

(4.6.4) ^ e (l+T”^+ifc[[T]])x. 

Now we define a curve C C Gm x pi \ {1} by 

C : f{x) - yg{x) = 0. 

Since {f,g) = 1 it follows from the Eisenstein criterion that C is integral. Fur¬ 
thermore C is nonsingular in P = (0,1), we have C {y = 0} U {y = oo} and 
C n ({0} X pi) = P. Additionally x is a local parameter in P and thus it follows from 
(14.6.411 and remark 1^^ that C fulhlls the modulus condition. Hence [C] G Zi(Xi; m) 
and d[C] =i. □ 


Next we want to equip the additive Chow groups with the structure of a restricted 
Witt complex. Then the universality of the de Rham-Witt complex will yield an 
inverse map to the map 9 of theorem 14.5L 

4.7. Some morphisms on Xn- 

(i) Let /To : Gm X Gm —> Gm be the multiplication morphism on Gm (i-e. the 
morphism induced by k[x,l/x\ —> /c[xi, 1/xi, X 2 , 1 /X 2 ], x 1 -^ X 1 X 2 ). Then 
we define the morphism 

(4.7.1) M X Xg > X-p^g 

to be the composition 

A, X A, ^ Gm X Gm X (pi \ {!})" X (pi \ {!})* Gm X (P^ \ {!})"+" = A,+,. 

If P = {a,bi,... ,br) G Xp and P' = (o', ci,... ,Cg) G Xg are ^rational 
points, then 

fi{P X P') = {aa',bi, ...,br,ci,...,Cg)€ Xp+g. 

U P € Xp is any closed point, then yiPxXs is finite. 
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(ii) Let A : Gm Gm x Gm be the diagonal embedding. Then we define the 
morphism 

(4.7.2) A, : (G^ \ {1}) x (P^ \ ^ 

to be the composition 

(G^ \ {1}) X (pi \ {Gm \ {1}) X {Gm \ {1}) X (pi \ 

where the last map is the natural inclusion. If P = (a, 6 i,..., 6 ^- 1 ) € Xn-i 
is a A:-rational point with a 7 ^ 1, then 

Ajj(P) — (ci, a, 61 ,..., bn—i')' 

An is a closed immersion. 

(iii) Let r > 1 be a number and ipr,o ■ ^ Gm the morphism induced by 

k[x, 1/x] —> k[x, 1/x], X I—> x^. We define the morphism ipr^n = by 

(4.7.3) (fr = </5r,o X id : A„ = Gm X (P^ \ {!})"- —> A„. 

If P = (a, 61 ,..., bn) G Xn is a /c-rational point, then 

^r{P) — (® ) ^ 1 ) • • • ) bn)- 
For all r > 1, is flat and finite of degree r. 

4.8. Definition-Proposition. Let m, n, r and s be natural numbers. 

(i) The map 

k —> Zo(Gm), a div(l — ax) 

induces a map 

(4.8.1) {—}: k —> TH^(/c, 1; m), a 1 -^ {a}. 

(ii) The composition 

Zo(A,_i) 0 Zo(X,_i) GA Zo(A,_i X X,_i) ^ Zo(X,+,_2) 
induces a map 

(4.8.2) 

* : TH'’(A:, r; m) G TH^(/c, s; m) —> TH^’''^“^(A:, r + s — l;m), ^ G r] ^ * r], 

(iii) The map 

—A„* : Zo(A„_i) —> Zo(A„), 

where we define A„*([P]) := 0 for all closed points P G {1} x (P^ \ {1})"'“^, 
induces a map 

(4.8.3) Vn = V = -An^ : TH"(A:, n; m) —^ TH"+^(A:, n + 1; m). 

(iv) The map 

: Zo(A,,_i) ^ Zo(X„_i) 

induces a map 

(4.8.4) Vr : TH"(A:, n; m) —^ TH”(A:, n; rm + r - 1). 

(v) The map 

‘Pr* '■ Zo(A'„_i) —> Zo(A„_i) 

induces a map 

(4.8.5) Pr ■■ TH”(A:, n; rm + r - 1) —^ TH"(A:, n; m). 
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Proof. For (i) nothing is to show. Since the composition in (ii) obviously restricts 
to Zo(Xr-i \ Yr-i) ( 8 ) Zo(Xs_i \ > Zo(Xr+s-2 \ h^r+s-2), (h) amounts to show 

that for a curve C C Xg with [C] G Zi(X^; m) and a point P G Xr-i \ Y^-i there is 
a 1-cycle ^ G Zi(Xs+r_i;m) with 

(4.8.6) fi.{[P] X d[C]) = d^. 


We set 

^:=fi.{[PxC])€Zi{Xr+s-i). 

Then with the use of proposition lA.lll in the appendix we see 




f^*{P*r-liPr-l,i)-iP X <^]) l<i<r-l 

xC]) r<i<r + s- 


where Pr-i and ps are the projections from X^-i x Xg to and Xg respectively. 
Therefore is 0 for 1 < i < r — 1 and it equals p*{[P] x 

for r < i < s. This yields (14.8.61) and that ^ is in good position. It remains to 
show that ^ satisfies the modulus {m + 1) condition. Let C" C p{P x C)red be an 
irreducible component and C' C {P x an irreducible component mapping to 

C" under the finite map (P x C)red ^ p{P x C)red- Denoting by vr the projection 
Xf-i X Xg —> Xg, with Xn = X compactification and normalization give 

us the following diagram 


C < -C"-^ C" 


Xg ^ X.p—\ X Xg Xj..^g—\. 

Now notice, that 7r*u*(Ps,o) = {Fr+s-ifl) (here we need that the x-coordinate 
of P is not zero) and j_,_^_]^). Thus, applying to the 

modulus condition satisfied by C, we obtain 

s r+s—1 

deg{p){m+l)[u"*Fr+g-i,o] = {m+l)jl:,TT*[iy*Fg^o] < ^= deg(/i) ^ [Y'* 

i=l i=l 

(Here we need that tt is flat, which is the case by |Ha77[ III, Proposition 9.7.].) This 
proves the modulus condition for C" and thus ^ G Zi(Xr+s_i; m). 

Next (hi). Obviously restricts to Zo(A„_i \ Tn-i) —^ Zo(A„ \ Yn). Now let 
[C] G Zi(A„; m) be a curve. We have to show that there is a 1-cycle ^ G Zi(X„+i, m) 
with 

(4.8.7) XnMC]) = d^. 

Write Co = C n ((G^ \ {!}) x (P^ \ {!})"). We set 

^ := A„,[Co] = [A„(Co)] G Zi((G^ \ {!}) x (P^ \ {1})"+'). 

But A„(Co) is closed in Xn+i (since a point in A„(Co) \ A„(Co) C X^+i must have 
the X- and the yi-coordinate equal to 1, which is impossible by the definition of 
A„_i_i). Thus we may view ^ as a 1-cycle on Xn+i- Now ^ lives on (Gm \ {1}) x 
(Gm \ {1}) X (pi \ {I})"-, hence, for j = 0, oo 
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and since = 0 on {1} x (P^ \ {1})"', 

= ^n.{Fl,.AC\) e \ Yn) for i > 2. 

Thus ^ is in good position and satisfies (I4.8.7j) . It remains to check the modulus 
condition. Compactifying and normalizing the map C A„(C'o) give us a diagram 


c^^/Qco) 

V y! 

Y-n ^ -^n+l- 


We have g) and v*FY = A>'*(F^+i i = 1,... ,n. Now 

we apply A^,* to the modulus condition for C and, as in (ii), we obtain the modulus 
condition for 

(iv). Let [C] € Zi(An,;m) be a curve. We have to find a cycle ^ € Zi (A„;rm + 
r — 1) with 

( 4 . 8 . 8 ) cp;(dlC]) = d^. 

We set 

^ := <p;iCj € Zi(Xn). 

Then for j = 0, oo and i = 1,..., n 

Ff.^ = <p:(f/).^:ic] = ipi{Fi.[c]) G zo(x„ \ w). 

Hence ^ is in good position and fulfills (14.8.811 . It remains to show that ^ satisfies the 
modulus condition. Let C C (f~^(C) be an irreducible component. Compactifying 
and normalizing the map (fr ■ C ^ C, yield the diagram 


-- ~ 

C' - >C 

v' ^ 

— "4^ 

Xn^Xn 

Since i''*Fo is the Cartier divisor defined by i''*x = 0 and v'*{Fj) the one defined 
by v'*yi = 1, we have by the definition of 

(4.8.9) rW*F^] = [^>*(Fo)] = and [u'^F}] = rrW*F}]. 

Thus 

n n 

+ r - 1) + l)[u'*{Fo)] = {m + IWAu^Fq] < = Y,[i^'*fI], 

i=l i=l 

hence ^ G Zi (A„; rm + r — 1). 

Finally (v). Let [C] G Zi(A„; rm + r — 1) be a curve. The usual argument shows 
that 


i:=^rA[C'])^MXn) 
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is in good position and satisfies = (pr^,d[C']. Compactifying and normalizing the 
map ifr '■ C ^ C = ^red gwe us a diagram 


-- ~ 

c - >C 


X„. -^ X, 


Applying (pr* to the modulus condition of C and using the relations (I4.8.9|l . we 
obtain 

n n 

(ieg(pr{m+l)[v*F q] = ((rm+r-l)+l)(^„[u'*Fo] < '^Pr*W*{Fl)\ = deg(pr'^[v*F}] 

i=l i=l 


and we are done. 


□ 


Next we investigate the behavior of the additive Chow groups under finite field 
extensions. 


4.9. Lemma. Letm,n >1 be integers, L D k be a finite field extension and denote by 
TT : SpecL ^ Specfc the indueed map. Then tt* : Zo{Xn-i,L \h"n-i,i,) ^ Zo(A„_i^fc \ 
induees a group homomorphism (also denoted by tt^) 

vr* : TH”(L, n;m) —> TH"'(fc, n;m) 

and IT* : Zo(Ai„_i^fc \ ^ Zo(A„_i_i \ Yn-i^r) induees a group homomorphism 

TT* : TH"(/c,n;m) —> TH”(L,n;m), 


satisfying the following properties 

(i) vr* and tt* commute with V,Vr and Fr, all r. 

(ii) For r] G TH”(A:, n;m) and ^ G TH”(L, n;m) we have 

7r*((7r*r?) =r] *k 


(iii) The following diagrams eommute 


Ol 


TH”(L, n; m) - > 


•^n—1 


Tr 


TH^(A;, n; m) -^ 


L/k 


n—1 


and 


TH”(L, n; m) 

-N -t- 

TT* TT* 

TR^{k,n-,m) 


where the tt* on the right hand side is the natural map indueed by k <Z L. 
















60 


KAY RULLING 


Proof. First we show, tt* is well defined on the additive Chow groups. Therefore 
take a curve [C] € and dehne r] := 7r*[C] G Zi{Xn^k)- One easily checks 

that rj is in good position and satisfies dr] = 7r*9[C']. Compactifying and normalizing 
the map C —> 7r(C) yield 


C 


AC) 


\Fl,) 


We have 

(4.9.1) u*Fo,l = ru'*{Fo,k) and p^fI^ = V , 

and thus applying vf* to the modulus condition for C gives us the modulus condition 

To show that vr* is well defined we take any curve [C] G Zi(X„ fc;m) and define 
:= 7r*[C"] G Zi{XnA- Again ^ is in good position and fulfills 0^ = 'K*d[C']. Now 
let C C Tr~^(C'] he a,u irreducible comnnueut. Comnactifviue' aud uormaliziue' the 


for r]. 


e 


map 


G Again 4 IS m good position and tumils = tt a[u J. iNow 

{C') be an irreducible component. Compactifying and normalizing the 
C vield 


TT-.C yield 


C 


XL,r. 


-^c 


Xk.n- 


Since (imi) still holds we obtain the modulus condition for f by applying vf* to the 
modulus condition for C'. 

The proof of (i) and (ii) is immediate (for (ii) use lemma \EM- To check the 
commutativity of the first diagram in (iii), we take a point P G Xn-i^i \ Yn-i,L, 
notice that we have inclusions k C k{Ti{P)) C k{P) D T, then the statement follows 
from 

OkA*\P]) = [k{P) \k{TT{P))]Tlk].,,{p))/k{i’n-lA{P))^ =Tlk{P)/kAn-l{P)) 

= P^L/kP^k{P)/LAn-l{P)) = PTL/k&L{[P])- 

It remains to check the second diagram in (iii). Thus take Q G X^-i^k \ Pn-i,k ^md 
denote E = k{Q) D k. We write 


TT 




where the Ri G Xn-i,L \ Yn-i,L are all the points mapped to Q under vr. If we 
further denote Li = k{Ri) and let ai : E Lihe, the natural inclusion, then 


Ol{p*[Q]) = ^/iTriji(V’„-i(i2i)) = 

i i 

which by proposition Id.81 eoiials 

VTr£;/fc(i/)„_i(Q)) = ■K*ek{[Q]) 

and we are done. 


1 


□ 
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4.10. Corollary. The map 6 : TH”(A:, n; m) ^ from theorem [JT^I satisfies 

(4.10.1) 

9 o {—} = [—], 6 oV = do 9, 0 o Vr = Vr o 0, 9 o iFr = Fr o 9, for all r >1 

and 


(4.10.2) 9{r] * f) = 9{r])9{f,), for all rj G TH’’(A:, r;m),^ G TH®(A:, s; m),r, s > 1. 


Proof. The first equality in (14.1 Q.m follows immediately from the definitions of 9 
and {—}. It is enough to prove the other equalities in (14.10.1 1) for fc-rational points. 
Indeed, if P G Xn-i^k is a closed point with residue field k{P) = L, we denote 
by a,bi,... ,bn-i G L the residue classes of the coordinates in L and by P' = 
{a,bi,... ,bn-i) G Xn-i,L- Now let vr : SpecL —> Speck be the map induced by 
k C L, then we have 7r*[P'] = [P] G TH”(fc, n; m). Thus if we know the equalities for 
/c-rational points on Xn-i^k, for any field k, we know it in general by lemma,and 
the fact that on the side of the de Rham-Witt complex the trace commutes with , 
Fr and d. Thus it is enough to consider points P = (1/a, 6 i,..., b^-i) G X^-i \Tn-i 
with a and 6* G k^. For such points 


9{V[P]) 


-9{-, i,6 i,.. .,bn-i) 
a a 


d[a]d[bi] d[bn-i] 
[a] [6i] ••• [bn-i] 


d9{[P]) 


(here a 1 and it is trivially true for o = 1) and 


9{Pr[P]) = e{^, 6i, . . . , bn-l) = Fr([a])® . .. = F,0([P]). 

a [bi\ [bn-i\ 

Furthermore, we recall 0(div(l — ax’’)) = Vr([a]) (this follows from (I4.fi.41) and ITTTUl) 
and since 

Fr([T’]) = [div(l - ax’’)] x [{bi, ... , 6n-i)], 

we obtain 


9{Vr[P]) = 0(div(l 


r\\d[bl] d[bn-l] 


Xr{[a]) 


djbi] d[bn-i] 

[6i] ■■■ [bn-l] 


V,(0([P])). 


It remains to show (14.1 n.2|) and since * is distributive by definition, this is equiv¬ 
alent to 

0([p] * [Q]) = 0([p])0([g]), 

for P G Xj—i \ Yr-i and Q G Xg-i \ Ts-i arbitrary points. 

First case: P is k-rational. We write P = {l/a,bi,... ,br-i), a,bi G k^, and 
denote by P = k{Q) the residue field of Q. Then /i*([P] x [Q]) = [Q'] is a point 
whose residue held k{Q') = L' is over k isomorphic to L and the isomorphism is 
given by 


(4.10.3) L' ^ L, 
Thus 

0([P]*[Q]) = 


x{Q') -x{Q), ViiQ') Vi-r-iiQ), for f = r,..., r+s-2. 

a 

/I d[bi] d[br-i] d[yr{Q')] d[yr+s-2{Q')]\ 

^'/H[x(Q')] [bfi [br-l] [yr{Q')] ■■■ [yr+s-2{Q')] ) 

d[bi] d[br-i] / 1 d[yr{Q')] d[yr+s-2{Q')]\ 

[bfi [br-fi ""''/H[x(g')] [yfiQ')] ■" [yr+s- 2 {Q')])' 
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which, by the isomorphism (I4.1().^-ill equals 


d[bi] d[br-i]^ 

[?^l] ■■■ [br-l] 


[a] d[yi{Q)] ^[l/^-i(Q)] \ 
[a;(Q)] [yi{Q)] [ys-i(Q)] / 




General case. Now let P and Q be arbitrary. Let L be the residue field of P and 
TT : SpecL —> Speck be the map induced hy k C L. As we saw above, there is a 
point P' € Xr-i,L \ Yr-i,L with 7r*[P'] = [P], By the first case and lemma HHl (iii) 
we have 


0{[P'] * 7r*[Q]) = e{[P'])6{Tr*[Q]) = 0([P'])7r*0([Q]) in TH"+^-i(L,r + s - l;m). 
Now we apply Tr^/^ to this and use lemma EH (h) j (hi) to obtain the assertion. □ 


Let us recall the cubical definition of Bloch’s higher Chow groups over a field 
on the level of zero cycles (of course this can be done more general, see jTVMj for 
the definition of the cubical version of Bloch’s higher Chow groups and |B186j for a 
simplicial version). 


4.11. Definition (cf. |To92| L Let P be a field and denote 

c-(P,n) = Zo((P].\{0,l,cx)})-) 


and 

c"(P,n + l) = ©Z[C], 

where the sum is over curves C C {Fp \ {l})"'^^, satisfying dj[C] G c"'{F,n), for 
j = 0, oo and i = 1,..., n. Then we define 


CH’^(P,n) = 


*(P,n) 


dc’’’{F, n + 1) ’ 

The exterior product of cycles (see roi) makes 0^CH”(P, n) into a graded ring. 


4.12. Lemma. Let Pq G be a closed point. Denote by 

: KiPo) \ {1})" = SpecM^o) Xfc {Fl \ {!})- -- x, (P^ \ {!})" 

the closed embedding induced by Speck{Po) ^ Gm- Then push-forward yields a 
homomorphism of groups 

ip,, : CH”(A:(Po),n) ^TH^+^(fc,n + l;m), 

for all n >0 and m > 1, and 

0 CH”(A;(Po),p)) +l;"i) 

is surjective. 


Proof. To show that ip,, is well defined, let [C] G c'’^{k{Po),n + 1) be a curve and 
define f, = ipQ,{C] G Zi(A„+i). Clearly ^ is in good position and since Pq 0 
the modulus condition is fulfilled trivially for all m. Thus ^ G Zi(A„+i;m) and 
df, = iPo,d[C]. Hence ip,, is well defined. For the surjectivity, take a closed point 
P G Gm X (P^ \ {0,1, oo})"’ and write the maximal ideal of P in the form (cf. |To921 
proof of Lemma 2]) 

{f{x),giix,yi),...,gn{x,yi,...,yn)), f G k[x] irreducible ,gi G k[x,yi,... ,yi]. 
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Now let Pq £ Gm be the point defined by f{x) = 0 and P' £ (^fc(Po) \ oo})"^ 

the point defined by the maximal ideal m = {gi{x,yi),..., gnix,yi,... ,yn)) C 
kiPo)[yi, ■ ■ ■ ,yn]- Then 

^PoAP'] = [P], 

hence the assertion. □ 


4.13. Milnor X-Theory. We recall the basic facts about Milnor ilT-theory, our 
reference is |BaTa73] . 

Let T" be a field. Denote by the tensor algebra (over Z) of and by 

C T*(F^) the homogeneous ideal generated by a 0 (1 — a), for a £ F^. 
Then the Milnor ring of F is the graded algebra 

K^{F)=mF^)/R,{F^). 

We denote by K^{F) the group of homogeneous elements of degree n and by 
{oi,..., On} the image of ai 0 ... (8) Un in Pn {P)- We have 

(i) {cil, • • • ) Un} ■ {^1) • • • ) &m} — {R1) • • • ^rt) ^1; • • • ) 

(ii) , 0.2 • • • ) On} — {RI) 0,2 ■ ■ ■ i On\ T j O 2 ■ ■ ■ j On}- 
(in) {a,b} = -{b,a}. 

(iv) {o, 0} = {o, —1}, in particular 2{a, o} = 0. 

Let L D F he a finite field extension. Then Bass-Tate and Kato (see |Ba:ik73| . 
|Ka8nj l constructed a group homomorphism (the construction is due to Bass and 
Tate, and Kato showed that it is well defined) 

Nm^/^ : K^fiL) K^{F), 
satisfying the following properties 

(i) !p{i{x)y) = x ■ Nm^/^(?/), where x £ K^_^{F), y £ {L) and i : 

{F) —> {L) is the natural map. 

(ii) Nmj;^/^({a}) = {Nm^/p'(a)}, for all a £ F^, where the Nm on the right 
hand side is just the usual norm of field extensions. 

(iii) For field extensions L D K D F we have 


Nm^/j? = Nm;^/^;’ o and Nm^/j;^ = id. 

4.14. Theorem l |NeSu89] . |To92j L The map 

p:Kf(F) ^0CH"(F,n), {oi,..., a„} ^ (oi,..., a„), 

n 

is an isomorphism of anti commutative graded rings with inverse 

p-^ : CH-(F,n) (T), [P] Nm^(p)/^({i/i(P),..., y^P)}). 

4.15. Lemma l |NeSu8^ . Lemma 4.7.). Let L D F be a finite field extension and 
vr : SpecL —> SpecP the morphism induced by the inclusion. Then the following 
diagram commutes 

iLf(L) (L,n) 


Nm 


L/F 


K^iF)^^C}i^{F,n). 
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4.16. Definition. We denote 

rn= 0 K^^iHPo)) 

and write {oi,..., a„}po for the image of ai (8)... 0 in {k{PQ)) , Pq G Gm- 

(i) For Po,Qo G Gm with [Pq x Qq] = G Zo(Gm Xk Gm) and 

r, s > 1, we define 

n 

{oi,..., ar}po * {h,bs}Qo = ^ ..., a^, 6i,..., 

i=l 

where jj, : Gm x Gm Gm is the multiplication and the Oj’s and bj^s on the 
right hand side are viewed as elements in k{Ri) via the natural inclusions 
k{Po), k{Qo) k{Ri). Bilinear extension yields a map 

* • Fj. 0 F^ > Fr_i_s. 

Note that this map is clearly well defined. 

(ii) For n > 1, we define a group homomorphism 

P '• Tn —> F„+i 

via 

^({ai) • • •) an}po) ~ (-^o)) ai) • • •) ®n}po > 

where x is, as before, the coordinate of Gm and x{Po) is its residue class in 

kiPo). 

(iii) Let ifr ■ Gm —> Gm be the morphism induced hy x i—>- x''. Let Pq G Gm be 
a point and write (/^^[Po] = ’m-ilQi] G Zo(Gm)- Then we define 

Tr ({fll, • • • , RnlPo) ~ ^ ^ (^l)) • • • ) i 

i=l 

where ^*{aj) is the image of the aj under the inclusion /c(Po) k{Qi). 
This gives a well defined map 


(iv) We define 

Pr ■ Tn —> F„ 

by 

Pr{{ai-, • • •, an}po) = Nmfc(pQ)/fc(<^^(PQ))({ai,... ,an}po). 

4.17. Lemma. For a G F^ and f3 G F^, we have 

(i) a* (5 = {-lY^p*a. 

(ii) V{a *P)= V{a) *Y+ * V{f5). 

(iii) 2VV{a) = 0. 

(iv) PPj. = rppDi rPVr = V^P. 

(v) PrPVr{{bi,...,hs}pY =P{{bi,---,bs}po) - (r- !){-!, 6i,..., ^Jp^. 
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Proof. We may assume a = {oi,..., ar}pQ € [k{Po)) and P = { 6 i,..., ^ 

i^^(/c(Qo))- Then (i) and (hi) follow immediately from the properties in 14.1,‘IL For 
(ii) we write [Pq x Qo] = £ Zo(Gm x Gm), then by definition 

n 

V{a *P) = -'^rrii {x{ii{Ri)) }Nmfc(K^)/fc(^(^^))({ai,..., a^, 6 i,..., 

i=l 

n 

= - ^miNmfc(^.)/fc(^(K,))({a:i(Po)a; 2 (Qo),ai, • • •, a,., 6 i,.. • 

i=l 

= V{a)*P + {-lYa*V{P). 

The hrst equation in (iv) follows from 

{x((/?r(Po))}v.,(Po)Nmfc(Po)/fc(v,,(Po))({ 6 i,.. .,bs}po) = Nmfc(pQ)/fc(^^(pQ))({a;(Po)^^l, • • ■,bs}Po)- 

For Pq G Gm, write ^ Zo(Gm), then the second equation in 

(iv) follows from 

n n 

^ mir{x{Qi), (^*( 61 ),..., Pr{bs)]Qi = mi{ip*Yx{Po)), p*{bi), ..., Pr{bs)}Qi- 
i=l i=l 

In (v) we have 
(4.17.1) 

n 

TrRVrilbi,..., bsjpo) = - ^miNmfc(Q.)/fc(Po)({x(Qi), <f*ibi),... <f*ibs)}Qj 

i=l 

n 

= -(^'^rni{lSSmk(Q^)/k(Po)ix{Qi))}po){bl ,.. • ,&Jpo. 
i=l 

But if we write in fe(Po)[r] 

— x(Po) = fi{Ty^^ with fi G A;(Po)[r] irreducible of degree dj, 
i 

then Qi = Spec and 

Nmfc(Q,)/fc(pg)(x(Qi)) = (-l)'^'/i( 0 ). 

Now (v) follows from (14.17.11) and = (—l)*'^~^^a;(Po)- T1 

4.18. Lemma. Let ifn ■ Tn —> TH’^^^(A:,n + l;m) he the composition 

Tn^ 0 CH"(fc(Po),n)ISTH’^+i(A:,n + l;m). 

Then ifn is surjective and the following diagrams commute 

(i) 

F^ 0 F,- TW+\k, r + 1 ; m) 0 TR^+\k, s + 1 ; m) 

r,+,- — -^ TH'+^+HA:, r + s + 1 ; m). 
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(ii) 


-^TH”+i(A:,n + l;m) 


V 


V 


Tn+i TH"+^(A:, n + 2; m). 


Ill 


(iv) 


->TH"+^(/s,re + l;m) 


r. 


n + 1; rm + r — 1). 


n + 1; rm + r — 1) 


Tr 


Tr 


r. 


>TH”+i(A:,n + l;m). 


Proof. The surjectivity of ifn is clear. To prove the commutativity of the first dia¬ 
gram, take points Po,Qo G write [Pq x Qo] = Yll=i ^ Zo(Gm x G^) and 

let a = {ai,..., a^jpo and (5 = {6i,..., 6 s}qo be elements in T^ and T^ respectively. 
Then 


n 

Ar+siot * P) = ^ ^ nii ({ai7 • • • ^ o,r,bi,... ,5^}^^). 

i=l 

But it follows from lemma. l4.1 5l that we have in CH’'^^(/c(/r(Pj)),r -|- s) 

... ,ar,bi,..., 6s}ijJ = ..., a,., 6 i, ..., bg). 

Hence 

n 

pr+s{a* P) = '^rrii ... ,ar,bi,... ,bs) =/r*[^Po*(®i 7 • • • 7 «r) x LQ^^{bi,... ,bs)] 

i=l 

= pr{a)*Ps{P)- 

The commutativity of the second diagram amounts to show 

i^n+i-Po*(®i7 • • • 7 an) — ^Pq* 7 ai7 ■ ■ ■ 7 an)' 

For Pq = 1 both sides are zero (the left hand side by definition of and the right 
hand side since pn+i is well defined) and for Pq 7 ^ 0 the equality holds again by 
definition of A„. Finally diagram (iii) commutes just by the definition of the Vr’s 
and diagram (iv) by the definition of the together with lemma 11 . l.'il □ 


Now we are ready to state and prove our main result. 
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4.19. Theorem. Let k he a field of characteristic 2. Then 

((0n>lTH (A:, n\ ?7l))mgN) R) *) 0^) r)r>l) (Vr-)r->l) 

is a restricted Witt complex (see and the natural map induced by the univer¬ 

sality of the de Rham- Witt complex 

I? : TH"(A:, n; m) 

is an isomorphism for all m,n > 1 with inverse the map 0 from theorem \4.^ 

4.20. Remark. For m = 1 the statement becomes 

which was proved by Bloch and Esnault in |BlEsn3b] under the additional assump¬ 
tion 1/6 G /c. 


Proof of the theorem. First we have to show that (0„>i TH”(A;, n; m))meN is a re¬ 
stricted Witt complex, that is, we have to check all the properties from definition 
EH Notice, that everything automatically commutes with the restriction R. Next 
we observe that * is associative, since the multiplication map on Gm is. We already 
know from corollary 14.61 that we have an isomorphism TH^(A:, 1; m) = Wmik). Thus, 
since 2 is invertible in k, 2 is also invertible in 0^^,^ TH"'(A:, n]m). Hence, by the 
lemmas [4.171 and l4.181 (0^>]^ TH”'(A:, n; m))meN is a projective system of differential 
graded Z-algebras. Furthermore it follows directly from the definitions of *, Tr and 
Vr that Tt is a homomorphism of graded rings, for all r, and we have .Fi = Vi = id, 
TriFs = Frs and VrVs = Vrs, as well as FrVr = r (this is, pulling back and then 
pushing forward via a finite and flat map is just multiplication with the degree). 
Next we want to show FrVg = if (r, s) = 1. By proposition this amounts 

to show that 


<fis 


ipr 


G. 



is cartesian, where (pr is induced by x i—> x'". This means the following: view 
k[xi,l/xi] as a A:[x, 1/x]-module via x i—>■ xf and A:[x 2 ,l/x 2 ] as a A:[x, l/x]-module 
via X I—>• X 2 , then we have to show 

A = A;[xi, A:[x 2 , > k[t, j], /(xi) 0 g{x 2 ) ^ /(T’)5(A*) 

is an isomorphism, if (r, s) = 1. 

Obviously the map is well defined and surjective. For the injectivity take an 
element a = <8> G H. Then a goes to zero in k[t, 1/i], iff for all g G Z 


0 - Xig-as,jg+ar, iq,jq hxed, with iqV jqS = q. 

ir+js=q aSZ 


Thus 


^ ^ Xi^—as,jq+ar)xf ® xfi — 0, 

q a 


hence the claim. It remains to check the equalities (iii)-(v) from definition 12.161 
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Next we show (hi), i.e. Vr(^r([-P]) * [Q]) = [-P] * Vr-([Q]). But again by proposition 
this is satisfied, if 


idX(pr 

Gm. X ^ ^ 


Gr. 


V^r 


flo(lprX^d) 


is cartesian. That is: view k[xi, l/xi,X 2 , 1/3^2] as a k[z, l/z]-module via 2: 1—> x\x 2 
and k[x, 1/x] as a k[z, l/zj-module via 2 1—> x'', then 

k[xi, X2, ^ f{xi,X2)g{xiX2) 

has to be an isomorphism. Indeed the map is clearly well defined, the surjectivity 
follows from xi (8) 1 1—> xi and {l/xi)®x 1—> X 2 and the injectivity is proved as above. 

Hence (hi). 

The equalities in definition 12.161 (iv), i.e. 

Tr'DVr = T>, DTr = rTrT), VrT> = rDVr, 

follow immediately from the lemmas l4.17l and f4.181 Staking into account that —1, 61 ,..., 6s}pp) 

0, since 2 is invertible in TH"'(A:, n; m)). 

It remains to prove relation (v), i.e. TrV{{a}) = {aY~^V{{a}) for all a G k. If 
a = 0, then by definition {a} = 0 G TH^(A:, l;m). If a = 1 both sides are zero by 
definition of V and foraGfc^\{l}, both sides equal (l/o'’, 1/a). 

Thus 0„>i TH"(A:, n; m) is a restricted Witt complex and the universality of the 
de Rham-Witt complex yields a map 

^ ^ TH’^(A:, n;m). 

For 0 the map from theorem 14.5L we have by corollary 14.101 0 o = id. Thus it 
remains to check that ?? is surjective. Similar to the arguments in |NeSu89l Lemma 
4.7.] and [BIFvsO.'lbl Theorem 6.4.], this will be done with the use of the following 
lemma. 


4.21. Lemma. Let L D k be a finite field extension, inducing vr : SpecL —> Spec A:. 
Then the following diagram commutes 


Ttl/*; 


^TH"(L, n;m) 

TT* 

^ TH’^(A:, n;m). 


Now assuming the lemma holds, we can prove the surjectivity of d. Take a point 
P G Xn-i^k \ 'Pn-i,k and denote by L = k{P) its residue held. Then there is a 
L-rational point P' = (a, 61,..., 6„_i) G Xn-i,L \ Yn-i,L with 7r*[P'] = [P], On 
the other hand we may write (using the notation from dehnition 14.81 (i), {b} = 
div(l — bx)) 

[P'l = • »({^)) •.... pIIsGt)) 

Hence by lemma, 14.21 1 

H w) • • • ‘'(tGv*)) “ «; m). 
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What remains to be done is the 

Proof of Lemma mil First we prove the assertion on the level of Witt vectors, 
i.e. n = 1. Since Tr and vr* commute with Vr and Vr respectively, we are reduced 
to show i?(Tri/;i.[a]) = 7r*{a}. But by the construction of the trace on the Witt ring 
(via norm) and by corollary EM we have 

^^(TrL/fc([a])) =div(Nmi/fc(l - aT)) in TR\k,l-,m), 

which equals 7r*{a}, by |Fu84l Proposition 1.4.]. Thus the lemma is true for n = 1. 
By construction of the trace itheorem 18.71) . it is enough to consider in general the 
cases, L D k separable or purely inseparable of degree p. 

First case: L D k separable. We have ~ Wm(T) Thus 

it is enough to consider elements wa with w G Wm(L) and a G Hence 

the assertion follows from 

vr^('i9(wa)) = 7r^('i9(w) * 7r*'i^(a)) = i?(Tr(rt;)a), 

where the last equality is the case n = 1 together with lemma 14.hi (ii). 

Second case: L D k purely inseparable of degree p. We can write L = k[x]/{xP — b), 
with b G k\k'P. Denoting by y the image of x in L it follows from theorem I.S.II nnd 
theorem EM that every element in ^ can be written as a sum of elements 

of the following form 

(i) V,.(a[yp), a G G {0,... ,p - 1}, r G {1,... ,m}, 

(ii) VriP[yy~^d[y]), /3 G G {1,... ,p}, r G {1,... ,m}, 

(hi) dVr{f3[yy), fd G G {0,... ,p - 1}, r G {1,... ,m}. 

Thus it is enough to check the commutativity in the cases (i)-(iii). These are straight¬ 
forward calculations, similar to the one in the first case. To prove (ii) one has to use 
[yy~^d[y] = ^d[yy, for j < p, and [yY~^d[y] = Fp(d[?/]). This finishes the proof of 
the lemma and hence the proof of theorem 14.191 □ 

4.22. Remark. Notice, that the relations (i)-(iii) and (v) from definition are 
already satisfied on the level of cycles and that we explicitly needed the modulus 
condition only once, namely in the proof of corollary EM where we showed the 
injectivity of the map 9 : TH^(fe, l;m) ^ Wm(A;). 
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Appendix A. Intersection Theory for Cartier Divisors 

In this appendix we give the definition of algebraic n-cycles, flat pull-back, push- 
forward, pull-back of Cartier divisors and intersection of those with cycles and we 
will list some properties. Of course this is all taken from Chapter 1, 2] (see 

also [VoSuFrOlil Chapter 2]), except that in |Fu84j everything is done modulo ra¬ 
tional equivalence and the push-forward is only defined for proper maps. Whereas 
here we are defining everything on the level of cycles and the push-forward is defined 
whenever the map is proper along the cycle we wish to push-forward (see IVoSuFrlXil 
Chapter 2]). 

All schemes are assumed to be algebraic, i.e. of finite type over a field. 


Let A: be a field and X a /c-scheme. We define for n G No 

Z„(A) = 0Z[F], 

where the sum is over all n-dimensional subvarieties V C X. If A is equidimensional 
of pure dimension d we also write Z*(A) := Zf^_j(A). An element in Z„(A) is called 
a n-cycle and an element in Z(A) = 0„>o Zn(A) just a cycle. 

Let Xi,... ,Xr be the irreducible components of X equipped with the reduced 
scheme structure and rji, i = l,...,r, their generic points, then the cycle of X is 
defined to be 

r 

(A.O.l) [A] = e Z(A). 

i=l 

If A is a variety with function field K = k{X) and F C A is a codimension one 
subvariety with generic point r], then we define the order of vanishing of f & 
along V to be 

(A.0.2) ovdvif) = lox,^iC>x,r,/a)-lox,r,i^x,ri/h), with f = ^, a,b € Ox,r,- 

A.l. Example ( |Fu84j . Example 1.2.3. ). Let A —> A be the normalization of A 
in K, then 

ordvif) = iHV) : A:(^)]ord^(/), 

where the sum is over all subvarieties F C A which map onto F. 

A.2. Pull-back of Cartier Divisors. Let X' be a variety over k, f : X' ^ X a 
morphism of fc-schemes and D = {Ui,gi} a Cartier divisor on A satisfying /(A') ^ 
|D|. Then f*gi G k{X') is defined and f*D = {f~^{Ui),f*gi} is a well defined 
Cartier divisor on A. We have \ f*D\ = f~^{\D\). If A" is a variety and g : X" —> X' 
is a morphism of k schemes with g{X") /“^(|D|), then g*f*D = (/ o g)*D. 

A.3. Push-forward of Cycles. Let / : A —> A' be a morphism of A:-schemes. We 
say / is proper along a cycle a G Z(A), if the restriction of / to the support of a is 
proper. If / is proper along a n-dimensional variety F C A we define 


f*[V] = 


[k{V) : /c(/(F))][/(F)] if [k{V) : k{f{V))] < oo 
0 else 


G Z„(A0. 
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We extend /* additively to all cycles a with / proper along a. If <7 : X' —> X" is 
proper along /*a, a € Z„(X), then = {g o /)*a G Z„(X"). For a proper map 

f : X ^ X' we obtain a map /* : Zn{X) —s- Z„(X'). If / is a closed immersion, then 
/* is injective, hence we may view cycles on X as cycles on X'. 

A.4. Flat Pull-back of Cycles ( |Fi84j . 1.7). Let / : X' ^ X be a flat morphism 
of /c-schemes of relative dimension r. Then we have a group homomorphism f* : 
MX) - Zn+r{X') uniquely determined by 

f*[V] = [f~^{V)], V C X a variety. 

If y C X is any closed subscheme, then f*[Y] = [/“^(X)]. If g : X" X' is flat of 
relative dimension s, then g*f* = (/ o g)* : Z„(X) ^ Zn+s+r{X). 


A.5. Proposition. Let 


f 


be a fiber square with g flat of relative dimension r. Let a be a cycle on X, with f 
proper along a. Then g' is flat of relative dimension r, f is proper along g'*a and 


X' -^ 

f 


/ / /* * i* 


Proof. Is the same as in |Fu841 Proposition 1.7.]. □ 

A. 6 . Lemma f |Fi]84j . Example 1.7.4.). Let f : X' ^ X be a finite and flat k- 
morphism of degree n and a a cycle on X. Then 


f*f*a = na. 


A.7. Exterior Product. Let X, X be two schemes of finite type over a field k. 
Then the exterior product 

Zn{X) '^z'Z-riY) M Zn+r{X XkY), a ® (5 a X (5 

is the bilinear form uniquely determined by 

[X] X [IX] = [X Xfc IX], for subvarieties X C X, IX C X. 

A.8. Proposition ( |Fu84j . 1.10). Let / : X' —> X and g :Y' ^ Y be two morphisms 
of k-schemes and f x g ■. X' x^Y' ^ X x^Y the induced morphism. 

(i) Take a G Z(X') and j3 G Z(X') with f proper along a, g proper along fi. 
Then f x g is proper along a x (5 and 

if X g)*{a X /3) = M X g^fi. 

(ii) If f and g are flat of relative dimension m and n, then f x g is flat of 
relative dimension m + n and 

if X 9)*{oi X (3) = f*a X g*f3. 

(iii) The exterior product is associative. 
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A.9. Lemma. Let L D k be a finite field extension, tt : SpecL —> Speck the induced 
map, X a k-scheme, a a cycle on X and f5 a cycle on Xi = X Xj^ SpecL. Then 

7r*(7r*a Xl (3) = a Xj. vr*/3. 

(Notice the sloppy notation, e.g. the vr* on the left hand side is the push-forward 
from Xl Xl Xl = X x^ X x^ SpecL to X x^ X, etc. .) 


Proof. We may assume a = [T^] and (3 = \W]. Then 

vr*(7r*[F] XL [W]) = 7r*[y SpecL Xl W] = 7r*([y] x^ [W]) = [L] x^ 7r*[W], 

where the last equality holds bv lA.81 (i). □ 

A.10. Intersecting with Cartier Divisors ( |Fu84j . Remark 2.3.). Let A1 be a 
fe-scheme and D = {Ui,gi} a Cartier divisor on X such that 

(*) C>x (L>) I is trivial 

(e.g. there is an open set U C X with \D\ C U and Dp is a principal divisor). Let 
j : V ^ X he a n-dimensional subvariety. Then we define 


D.[V] = 


[j*D] ifV<fi\D\ 


GZ„_i(|D|nR) 


0 else 

where [j*D] is the Weil divisor on V associated to the Cartier divisor j*D, i.e. 


[fD]= ^ ordzifDfiZ], 

zezi(y) 

with ordzif*D) = oidz{j*gi) for any i with Zr\j~^{Ui) 0. By linearity we obtain 

a map 

Zn(Al) —> 7jn-i{\D\), a D.a. 

(Notice, that the assumption (*) can be dropped if one defines the intersection cycle 
modulo rational equivalence. Then L).[R] does not need to be zero for V C |L)|.) 


A.11. Proposition. Let X be a k-scheme and D a Cartier divisor satisfying {*). 

(i) For a, a' G Z„(X) 

D.{a + a) = D.a + D.a in Z„_i(|L)| n (|a| U |a^|)). 

(ii) If D' is a Cartier divisor satisfying (*) and a G Zn{X), then 

(D + D').a = D.a + D'.a in Z„_i((|L>| U \D'\) n |a|). 

(iii) Let X' he a variety over k, a ^ Zn{X'), f : X' ^ X a k-morphism which 

is proper along a and satisfies f{X') \D\. Then f*D satisfies (*), g = 

Af~^(\D\)n\a\ proper along f*D.a and 

g^{f*D.a) = D.f^a m Z„_i(|D| n |a|). 

(iv) Let f : X' ^ X he a flat morphism of relative dimension r with f{X') {Z |D| 
and a G Zn{X). Then f*D satisfies (*), g = /|/-i(|D|n|o|) is flat of relative 
dimension r and 

fD.ra = gflD.a) Zn+r-i{r\\D\ C |a|)). 

In particular [f*D] = f*[D]. 
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(v) Let Y be a k-scheme, a € Z„(X), f3 € Z^(y) and p : X —> X the 

projection. Then 

{p*D).{a X (3) = {D.a x j3) in Zn+r-i{{\D\ H |a|) x |/3|). 

Proof. Although the statement differs slightly from |Fu841 Proposition 2.3., Example 

2.3.1.], the proof is almost the same and therefore skipped. □ 
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